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Awave-number-dependent dissipative term to magnetization dynamics, mirroring the conservative term
associated with exchange, has been proposed recently for ferromagnetic metals. We present measurements
of wave-number-(k-)dependent Gilbert damping in three metallic ferromagnets, NiFe, Co, and CoFeB,
using perpendicular spin wave resonance up to 26 GHz. In the thinnest films accessible, where classical
eddy-current damping is negligible, size effects of Gilbert damping for the lowest and first excited modes
support the existence of a k2 term. The new term is clearly separable from interfacial damping typically
attributed to spin pumping. Higher-order modes in thicker films do not show evidence of enhanced
damping, attributed to a complicating role of conductivity and inhomogeneous broadening. Our extracted
magnitude of the k2 term, Δα�kE ¼ Δα�0 þ A�

kk
2, where A�

k ¼ 0.08–0.1 nm2 in the three materials, is an
order of magnitude lower than that identified in prior experiments on patterned elements.
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The dynamical behavior of magnetization for ferromag-
nets (FMs) can be described by the Landau-Lifshitz-Gilbert
(LLG) equation [1]:

_m ¼ −μ0jγjm ×Heff þ αm × _m; ð1Þ
where μ0 is the vacuum permeability, m ¼ M=Ms is the
reduced magnetization unit vector, Heff is the effective
magnetic field, γ is the gyromagnetic ratio, and α is the
Gilbert damping parameter. The LLG equation can be
equivalently formulated, for small-angle motion, in terms
of a single complex effective field along the equilibrium
direction, as μ0 ~Heff ¼ μ0Heff − iαω=jγj; damping torque is
included in the imaginary part of ~Heff .
For all novel spin-transport related terms to the LLG

identified so far [2–7], each real (conservative) effective
field term is mirrored by an imaginary (dissipative)
counterpart. In spin-transfer torque, there exist both con-
ventional [2,3] and fieldlike [8] terms in the dynamics. In
spin-orbit torques (spin Hall [4] and Rashba [6] effect)
dampinglike and fieldlike components have been theoreti-
cally predicted [9] and most terms have been experimen-
tally identified [5,6]. For pumped spin current [7], theory
predicts real and imaginary spin mixing conductances [10]
g↑↓r and g↑↓i , which introduce imaginary and real effective
fields, respectively.
It is well known that the exchange interaction, respon-

sible for ferromagnetism, contributes a real effective field
(fieldlike torque) quadratic in wave number k for spin
waves [11]. It is then natural to ask whether a correspond-
ing imaginary effective field might exist, contributing a
dampinglike torque to spin waves. Theoretically, such an
interaction has been predicted due to the intralayer spin-
current transport in a spin wave [12–15], reflected as an
additional term in Eq. (1):

_m ¼ � � � − ðjγjσ⊥=MsÞm ×∇2 _m; ð2Þ

where σ⊥ is the transverse spin conductivity. This term
represents a continuum analog of the well-established
interlayer spin pumping effect [7,16,17]. For spin wave
resonance (SWR) with well-defined wave number k,
Eq. (2) generates an additional Gilbert damping ΔαðkÞ ¼
ðjγjσ⊥=MsÞk2. In this context, Gilbert damping refers to
an intrinsic relaxation mechanism through which the field-
swept resonance linewidth is proportional to frequency.
Remarkably, the possible existence of such a term has not
been addressed in prior SWR measurements. Previous
studies of ferromagnetic resonance (FMR) linewidths of
spin waves [18–21] were typically operated at fixed
frequency, not allowing separation of intrinsic (Gilbert)
and extrinsic linewidths. Experiments have been carried out
on thick FM films, susceptible to a large eddy-current
damping contribution [22]. Any wave-number-dependent
linewidth broadening in these systems has been attributed
to eddy currents or inhomogeneous broadening, not intrin-
sic torques which appear in the LLG equation.
In this Letter, we present a study of wave-

number-dependent Gilbert damping in the commonly
applied ferromagnetic films Ni79Fe21 (Py), Co, and
Co40Fe40B20 (CoFeB). A broad range of film thicknesses
(25–200 nm) has been studied in order to exclude eddy-
current effects. We observe a thickness-dependent differ-
ence in the Gilbert damping for uniform and first excited
spin wave modes, which is explained well by the intralayer
spin pumping model [14]. Corrections for interfacial
damping, or conventional spin pumping, have been applied
and are found to be small. The measurements show that the
wave-number-dependent damping, as identified in continu-
ous films, is in reasonable agreement with the transverse
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spin relaxation lengths measured in Ref. [23], but an order
of magnitude smaller than identified in experiments on
submicron patterned Py elements [24].
Two different types of thin-film heterostructures were

investigated in this study. Films were deposited by UHV
sputtering with conditions given in Refs. [23,25].
Multilayers with the structure Si=SiO2ðsubstrateÞ=
Tað5nmÞ=Cuð5nmÞ=MðtMÞ=Cuð5nmÞ=Tað5nmÞ, where
M ¼ Py, Co, and CoFeB and tM ¼ 25–200 nm, were
designed to separate the effects of eddy-current damping
and the intralayer damping mechanism proposed in Eq. (2).
The minimum thickness investigated here is our detection
threshold for the first SWR mode, 25 nm. A second type of
heterostructure focused on much thinner Py films, with
the structure Si=SiO2ðsubstrateÞ=Tað5 nmÞ=Cuð5 nmÞ=
PyðtPyÞ=Cuð5 nmÞ=Xð5 nmÞ, tPy ¼ 3–30 nm. Here the
cap layer X ¼ Ta or SiO2 was changed, for two series
of this type, in order to isolate the effect of interfacial
damping (spin pumping) from Cu=Ta interfaces.
To study the Gilbert damping behavior of finite-wave

number spin waves in the samples, we have excited
perpendicular standing spin wave resonance (PSSWR)
[26] using a coplanar waveguide from 3 to 26 GHz. The
spin-wave mode dispersion is given by the Kittel equation
ωðkÞ=jγj ¼ μ0½Hres −Ms þHexðkÞ�; the effective field
from exchange, μ0HexðkÞ ¼ ð2Aex=MsÞk2 with Aex as
the exchange stiffness, gives a precise measurement of
the wave number excited (Fig. 1, inset). PSSWR modes are
indexed by the number of nodes p, with k ¼ pπ=tM in the
limit of unpinned surface spins. The full-width half-
maximum linewidth, ΔH1=2, is fitted using μ0ΔH1=2ðωÞ ¼

μ0ΔH0 þ 2αω=jγj to extract the Gilbert damping α. For
p ¼ 1modes we fix μ0ΔH0 as the values extracted from the
corresponding p ¼ 0 modes for (tM ≤ 40 nm), because
frequency ranges are reduced due to large exchange fields.
In unconstrained fits for films of this thickness, the
inhomogeneous broadening μ0ΔH0 of the p ¼ 1 modes
does not exhibit a discernible trend with 1=t2M (or k2)
[19–21], justifying this approximation [27].
To fit our data, we have solved Maxwell’s equations and

the LLG equation [Eq. (1)], including novel torques such as
those given in Eq. (2), according to the method of Rado
[34]. The model (designated “EM+LLG”) is described in
the Supplemental Material [27]. Values calculated using the
EMþ LLG model are shown with curves in Fig. 1 and
dashed lines in Fig. 4. Comparison with such a model has
been necessary since in our first type of sample series,
tM ¼ 25 − 200 nm, eddy-current damping is negligible for
thinner films (25 nm), the Akk2 contribution is negligible
for thicker films (200 nm), but the two effects coexist for
the intermediate region.
In Figs. 1(a)–1(c) we compare the measured Gilbert

damping for the uniform (p ¼ 0, αu) and first excited
(p ¼ 1, αs) spin wave modes. The dominant thickness-
dependent contribution to Gilbert damping of the uniform
modes of Py, Co, and CoFeB is clearly due to eddy currents
which are quadratic in thickness. Note that eddy-current
damping is negligible for the thinnest films investigated
(25 nm), but quite significant for the thickest films
(200 nm). This term sums with the bulk Gilbert damping
α0 [35]. The simulation of αu, shown by black curves in
Fig. 1, matches closely with the analytical expression for
bulk and eddy-current damping only [36] of αu ¼ αu0þ
αE0, where αE0 ¼ μ20γMst2M=12ρc denotes the eddy-current
damping for uniform modes. Fits of αu yield resistivities
ρc ¼ 16.7, 26.4, and 36.4 μΩ cm for Py, Co, and CoFeB,
respectively.
Unlike the uniform-mode damping, the first SWR mode

damping αs is found to exhibit a minimum as a function of
thickness. For decreasing thicknesses below 75 nm, αs is
increased. This behavior indicates an additional source of
Gilbert damping for the 1st SWR modes. In CoFeB the
increased αs is less visible in Fig. 1(c) due to fluctuations in
damping for samples of different thickness, but is evident in
the difference, αs − αu, plotted in Fig. 2.
In order to isolate this new damping mechanism, we plot

in Fig. 2 the increased damping for the 1st SWR mode,
Δαk ¼ αs − αu, side-by-side with exchange field μ0Hex as
a function of ðπ=tMÞ2 taken as the wave number k2. When
π=tM is large, a linear k2 dependence of Δαk in all three
ferromagnets mirrors the linear dependence of μ0Hex on k2.
This parallel behavior reflects the wave-number-dependent
imaginary and real effective fields acting on magnetization,
respectively. To quantify the quadratic wave number term
in Δαk, we also show the eddy-current-corrected values
ΔαkE ¼ Δαk − ΔαE in Fig. 2(a). Here ΔαE ¼ αE1 − αE0

u

u

s

u
s
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x50

s
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FIG. 1. Thickness dependence of αu and αs for (a) Py, (b) Co,
and (c) CoFeB thin films. Curves are calculated from a combined
solution of Maxwell’s equations and the LLG (EMþ LLG). For
αu the values of μ0Ms, α (Table I), effective spin mixing
conductance [27], g factor (2.12 for Py and CoFeB and 2.15
for Co), and ρc (from analytical fitting) are used. For αs the values
of Δα�kE and Δα�k0 (Table I) are also included in the simulation.
Inset: 10 GHz FMR spectra of p ¼ 0 and p ¼ 1 modes in Py
75 nm film.
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denotes the difference in eddy current damping between the
p ¼ 1 and p ¼ 0 modes according to the theory of
Ref. [36], for weak surface pinning, where αE1 ≈
0.23αE0 [27]. We then fit this eddy-current-corrected value
to a linearization of Eq. (2), as

ΔαkE ¼ Δαk0 þ Akk2; ð3Þ

with Ak ¼ jγjσ⊥=Ms andΔαk0 a constant offset. The values
of Ak estimated this way are 0.128� 0.022 nm2,
0.100� 0.011 nm2, and 0.100� 0.018 nm2 for Py, Co,
and CoFeB.
Recently, Kapelrud et al. [37] have predicted that inter-

face-localized (e.g., spin-pumping) damping terms will also
be increased in SWR, with interfacial terms for p ≥ 1
modes a factor of 2 greater than those for the p ¼ 0 mode.
Using the second series of thinner Py films, we have
applied corrections for the interfacial term to our data, and
find that these effects introduce only a minor (∼20%)
correction to the estimate of Ak. The p ¼ 0 mode damping
associated with the Cu=Ta interface has been measured
from the increase in damping upon replacement of SiO2

with Ta at the top surface (Fig. 3, inset). Here, Cu=SiO2 is
taken as a reference with zero interfacial damping; insulat-
ing layers have been shown to have no spin pumping
contribution [38]. We find the damping enhancement to be
inversely proportional to tM, indicating an interfacial
damping term quantified as spin pumping into Ta [7] with
Δαsp ¼ γℏg↑↓=ð4πMstMÞ. Using the values in Table I

yields the effective spin mixing conductance as
g↑↓Py=Cu=Ta ¼ 2.5 nm−2, roughly a factor of 3 smaller than
that contributed by Cu=Pt interfaces [17].
Using the fitted g↑↓M=Cu=Ta, we calculate and correct for the

additional spin pumping contribution to damping of
the p ¼ 1 mode, 2Δαsp (from top and bottom interfaces).
The corrected values for the 1st SWR damping enhance-
ment, Δα�kE ¼ ΔαkE − 2Δαsp, are plotted for Py
(25–200 nm) in Fig. 3. These corrections do not change
the result significantly. We fit the k2 dependence of Δα�kE to
Eq. (3) to extract the corrected values A�

k and Δα�k0. The
fitted value, A�

k ¼ 0.105� 0.021 nm2 for Py, is slightly
smaller than the uncorrected value Ak. Other extracted
interfacial-corrected values A�

k are listed in Table I. Note
that the correction of wave number by finite surface
anisotropy will only introduce a small correction of Ak
and A�

k within error bars. We also show the EMþ LLG
numerical simulation results for the uniform modes and the
first SWR modes in Fig. 1 (solid curves). Those curves
coincide with the analytical expressions of eddy-current
damping plus k2 damping (not shown) and fit the exper-
imental data points well for Py, Co, and CoFeB.
The negative offsets Δα�k0 between uniform modes and

spin wave modes for Py and CoFeB could be attributed to
resistivitylike intrinsic damping [39]: because _m is aver-
aged through the whole film for uniform modes and
maximized at the interfaces for unpinned boundary con-
dition, the SWR mode experiences a lower resistivity near
low-resistivity Cu and thus a reduced value of damping.

FIG. 3. Wavenumber-dependent damping with (Δα�kE) and
without (ΔαkE) the spin pumping-interfacial damping correction.
Main panel: ΔαkE and Δα�kE as a function of ðπ=tMÞ2. Dashed
lines are fits to k2-dependent equation as Eq. (3); Δα�k0 are
extracted from Δα�kE fits. Inset: size effect of uniform-modes
Gilbert damping in Py=Cu=Ta and Py=Cu=SiO2 samples
(circles). The dashed curve is the theoretical reproduction of
Py=Cu=SiO2 using αu0 þ ΔαspðtMÞ. The shadow is the same
reproduction using αu0 þ ΔαspðtMÞ þ A�

kk
2 where the error of

shadow is from A�
k. Here k is determined by Aexk2 ¼ 2Ks=tM.

FIG. 2. Imaginary [damping, (a)] and real [exchange, (b)]
effective fields as a function of k2 for Py, Co, and CoFeB.
(a) Additional SWR damping Δαk (circle) and eddy-current
corrected value ΔαkE (cross) as a function of ðπ=tMÞ2. Solid lines
are guides to the eye and dashed lines are fits to Eq. (3).
(b) Exchange field μ0Hex as a function of ðπ=tMÞ2 [ðpπ=tMÞ2,
p ¼ 0 − 6, for Py 150 nm]. Lines are fits to μ0Hex ¼ ð2A=MsÞk2.
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For Co, a transition state between resistivitylike and
conductivitylike mechanisms around room temperature
[40] corresponds to negligible Δα�k0 as observed in
this work.
In addition to the thickness-dependent comparison of

p ¼ 0 and p ¼ 1 modes, we have also measured Gilbert
damping for a series of higher-order modes in a thick Py
(150 nm) film. Eddy-current damping (αE ∼ 0.003) is the
dominant mode-dependent contribution in this film. The
wave number k for the mode p ¼ 6 is roughly equal to that
for the first SWR, p ¼ 1, in the 25 nm film. Resonance
positions are plotted with the dashed lines in Fig. 2(b), as a
function of k, and are in good agreement with those found
from the p ¼ 1 data. In Fig. 4 we plot the mode-related
Gilbert damping αp up to p ¼ 6, seen to gradually decrease
as p increases. We have again conducted full numerical
simulations using the EMþ LLG method with
(A�

k ¼ 0.105 nm2) or without (A�
k ¼ 0) the intralayer spin

pumping term, shown with red and black crosses, respec-
tively. Neither scenario fits the data closely; an increase at
p ¼ 3 is closer to themodel including the k2mechanism, but
experimental α at p ¼ 6 falls well below either calculation.
We believe there are two possibilities why the α ∝ p2

damping term is not evident in this configuration. First, the

effective exchange field increases with p, resulting in a
weaker (perpendicular) resonance field at the same fre-
quency. When the perpendicular biasing field at resonance
is close to the saturation field, the spins near the boundary
may not be fully saturated, creating inhomogeneous line-
width broadening at lower frequencies and masking small
Gilbert contributions from the wavenumber-dependent
term. From the data in Fig. 4 inset the high-p SWR modes
are more affected by this inhomogeneous broadening.
Second, high-p modes in thick films are close to the
anomalous conductivity regime, kλm ∼ 1, where λm is the
electronic mean free path. The Rado-type model such as that
applied in Fig. 4 is no longer valid in this limit [41], beyond
which Gilbert damping has been shown to decrease signifi-
cantly inNi andCo [42]. Based on publishedρλm products for
Py [43] and our experimental value of ρc ¼ 16.7 μΩ cm, we
find λm∼8nmand kλm ∼ 1 for thep ¼ 6mode in Py 150 nm.
For the 1st SWR mode in Py 25 nm, on the other hand,
eddy currents are negligible and the anomalous behavior
is likely suppressed due to surface scattering, which
reduces λm.
An important conclusion of our work is that the intra-

layer spin pumping, as measured classically through
PSSWR, is indeed present but roughly 10 times smaller
than estimated in single nanoscale ellipses [24]. The
advantages of the PSSWR measurements presented in this
manuscript are that the one-dimensional mode profile is
well defined, two-magnon effects are reduced, if not absent
[44], and there are no lithographic edges to complicate the
analysis. The lower estimates of A�

k from PSSWR are
sensible, based on the physical parameters of Py, Co, and
CoFeB. The polarization of continuum-pumped spins
in a nearly uniformly magnetized film, like that of the
pumped spin current in a parallel-magnetized ferromagnet–
normal-metal–ferromagnet structure, is transverse to the
magnetization [14]. From the measured transverse spin
conductance σ⊥ we extract that the relaxation lengths of
pumping intralayer spin current are 0.8–1.9 nm for the three
ferromagnets [27], in good agreement with the small
transverse spin coherence lengths found in these same
ferromagnetic metals [23,45].
Finally, we show that the magnitude of the intralayer spin

pumping identified here is consistent with the damping size
effect not attributable to interlayer spin pumping, in layers
without obvious spin sinks. For the p ¼ 0mode, a small but
finite wave number is set by the surface anisotropy through
[36,46]Aexk2 ¼ 2Ks=tM. The damping enhancement due to
intralayer spin pumping will, like the interlayer spin pump-
ing, be inverse in thickness, leading to an “interfacial” term
as α ¼ 2KsðA�

k=AexÞt−1M . This contribution is indicated by
the gray shadow in Fig. 3 inset and provides a good account
of the additional size effect in the SiO2-capped film.Herewe
use Ks ¼ 0.11 mJ=m2 extracted by fitting the thickness-
dependent magnetization to μ0Meff ¼ μ0Ms − 4Ks=MstM.
While alternate contributions to the observed damping size

FIG. 4. Mode-dependent damping αp for Py(150 nm),
0 ≤ p ≤ 6. Crosses are EMþ LLG calculated values with and
without the wave-number-dependent damping term. Inset: Inho-
mogeneous broadening ΔH0 vs 0 ≤ p ≤ 6, 150 nm film. Larger,
k-dependent values are evident, compared with those in the
thickness series (tM ¼ 25–200 nm).

TABLE I. Fit parameters extracted from resonance fields and
linewidths of uniform and 1st SWR modes. Values of A�

k and Δα�0
for Co and CoFeB are calculated using the spin mixing
conductances measured in FM=Cu=Pt [27].

μ0Ms (T) α0 Aex ðJ=mÞ A�
k ðnm2Þ Δα�0

Py 1.00 0.0073 1.2 × 10−11 0.11� 0.02 −0.0008
Co 1.47 0.0070 3.1 × 10−11 0.08� 0.01 −0.0002
CoFeB 1.53 0.0051 1.8 × 10−11 0.09� 0.02 −0.0011
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effect for the SiO2-capped film cannot be ruled out, the data
in Fig. 3 inset place an upper bound on A�

k.
In summary, we have identified a wave-number-

dependent, Gilbert-type damping contribution to spin
waves in nearly uniformly magnetized, continuous films
of the metallic ferromagnets Py, Co, and CoFeB using
classical spin wave resonance. The term varies quadrati-
cally with wave number Δα ∼ A�

kk
2, with the magnitude

A�
k ∼ 0.08–0.10 nm2, amounting to ∼20% of the bulk

damping in the first excited mode of a 25 nm film of Py
or Co, roughly an order of magnitude smaller than
previously identified in patterned elements. The measure-
ments quantify this texture-related contribution to mag-
netization dynamics in the limit of nearly uniform
magnetization.
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A. µ0∆H1/2 for Py, uniform modes and 1st SWR modes.
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FIG. 1. Linewidths µ0∆H1/2 for Py (a) 25 nm, (b) 40 nm, (c) 75 nm and (d) 200 nm. Lines are

linear fits to the data.

B. Inhomogeneous broadening for αu and αs

The Gilbert damping coefficients αu and αs were extracted through µ0∆H1/2 = µ0∆H0+

2αω/γ where µ0∆H0 is the inhomogeneous broadening. In the uniform modes, taking α

and µ0∆H0 as fitting parameters yields an average µ0∆H0 = 0.4, 0.1 and 0,2 mT for Py,

Co and CoFeB, respectively. The small inhomogeneous broadenings are consistent with

negligible large-scale lateral inhomogeneities in the films. In the 1st SWR modes, the lowest

frequency attainable is close to γµ0Hex/2π and proportional to 1/t2FM . The frequency range

which can be used to fit linewidths is thus restricted. In this situation we fix µ0∆H0 to

the values extracted from the corresponding uniform modes for tFM < 40 nm. However

we note that there may be a k2-dependent inhomogeneous linewidth broadening due to the

inhomogeneous thickness distribution1,2, in the form of:

µ0∆H0 =
2A

Ms

(
pπ

tFM

)2 2δtFM

tFM

(1)

2



Uniform modes

1st SWR modes

FIG. 2. Inhomogeneous linewidth as a function of (π/tFM )2 extracted from the uniform modes (a)

and the 1st SWR modes (b).

where p is the mode number and δtFM depicts the thickness variation from surface roughness.

If there is a significant roughness-lead inhomogeneous broadening, the Gilbert damping αs

could be overestimated.

Here we can exclude this mechanism by plotting the free-fitted µ0∆H0 as a function of

(π/tFM)2 for both uniform modes and 1st SWR modes in Fig. 2. We finding no 1/t2FM

dependence (fixed δtFM/tFM) or 1/t3FM dependence (fixed δt). The larger fluctuation of

µ0∆H0 in the 1st SWR mode for Co, compared with Py and CoFeB, is due to its larger

exchange splitting µ0Hex and thus smaller frequency range to fit µ0∆H0. Thus the influence

of surface roughness to the linewidth of the 1st SWR modes is negligible. We note that for

higher-order SWR modes in Py 150 nm this is not the case.

C. Eddy current damping of spin wave resonance

Here we show the derivation of eddy-current damping enhancement by applying the

analytical equations in Ref.3. For p = 0 (uniform) mode, we use Eq. (7) of Ref.3 in cgs unit
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to express the even mode peak-to-peak linewidth:

∆Hp =
2√
3

[
αω

γ
+

2Ms

µ0

d2

δ2
1

y2p

(
1− 2β

y2p + β + β2

)]
(2)

where α is the Gilbert damping, ω is the angular frequency, γ is the gyromagnetic ratio, Ms

is the magnetization, d = tFM/2 is the half thickness, δ = c/
√
2πσcω is the skin depth. β =

Ksd/Aex characterizes the strength of surface pinning and yp = kpd satisfies the boundary

condition yp − β cot yp = 0. In the limit of weak surface pinning, β ∼ 0 and y2p ∼ β − β2/3.

One can obtain 1
y2n

(
1− 2β

y2n+β+β2

)
∼ 1/3. Thus Eq. (2) becomes:

∆Hp=0 =
2ω√
3γ

(
α +

4πMsγt
2
FM

12µ0c2ρc

)
(3)

Here ρc = 1/σc is the electrical resistivity. In SI unit we find the additional damping to be:

αE0 =
µ2
0γMst

2
FM

12ρc
(4)

which we have used in the manuscript.

For p = 1 mode, we apply Eq. (8) of Ref.3 for the odd modes:

∆Hp =
2√
3

[
αω

γ
+

2Ms

µ0

d2

δ2
1

y2p

(
1− 2(1 + β)

y2p + β + β2

)]
(5)

In this case the boundary condition is yp + β tan yp = 0. As β ∼ 0 we can simply take

yp = π/2 for the first spin wave mode. Doing the same mathematics, we find the SI unit

eddy -current damping to be:

αE1 =
µ2
0γMst

2
FM

ρc

1

π2
(1− 8

π2
) (6)

We find αE1 ≈ 0.23αE1, which is used in the manuscript for the eddy-current damping of

first spin wave modes.

For higher modes, same analysis can be applied and the results are used in the mode-

dependent damping analysis in Fig. 4 of the manuscript. As mode number increases,

eddy-current damping decreases ∼ 1/p2.
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D. Effective spin mixing conductance for Co/Cu/Ta and CoFeB/Cu/Ta

The effective spin mixing conductance, g↑↓FM/Cu/Ta, for Co and CoFeB can be calculated

by taking the results from Pt spin sink4 into the equation:

(g↑↓FM/Cu/Ta)
−1 = (g↑↓FM/Cu/Pt)

−1 + (g↑↓Cu/Ta)
−1 − (g↑↓Cu/Pt)

−1 (7)

In ref.4 g↑↓FM/Cu/Pt are 6.8 nm−1, 7.3 nm−1 and 9.6 nm−1 for FM=Py, Co and CoFeB. We

can treat g↑↓Cu/Ta and g↑↓Cu/Pt as constants. By taking g↑↓Py/Cu/Ta = 2.5 nm−1 we can calculate

that g↑↓FM/Cu/Ta= 2.4 nm−2 and 2.6 nm−2 for Co and CoFeB. Their values are small and

close to each other, due to the high spin resistance on the Cu/Ta interface.

E. Estimation of λT
sr from Akk

2 term

The quadratic wavenumber-dependent term in Gilbert damping can be interpreted as

the intralayer spin pumping, with its transverse spin conductivity expressed as5–7 σ⊥ =

h̄2neτsr/4m
∗ where ne is the conduction electron density, m∗ is the effective mass of elec-

trons and τsr is the transverse spin relaxation time. Here we take the strong-scattering limit

because the ultra-small transverse spin relaxation lengths measured by spin pumping8 indi-

cates a large value of 1/τsr in ferromagnets. Using wavenumber-dependent Gilbert damping

term, the transverse spin relaxation length can be calculated by λT
sr = vF τsr with vF the

Fermi velocity. In the calculation we use the free electron mass for m∗ and ne = k3
F/3π

2 with

kF = 1.05, 0.96 and 1.04 A−1 for Py, Co and CoFeB9,10, respectively, from the measured

Fermi wave number in the majority band as an approximation. We take vF to be 2.2× 105

and 3.3× 105 m/s for Py and Co9; CoFeB is assumed to take an equal vF to that of Co. We

can thus calculate that λT
sr = 0.8 nm, 1.9 nm and 1.6 nm for Py, Co and CoFeB, respectively.

Those values are in good agreement with the small transverse spin coherence lengths found

in the same ferromagnetic metals8,11.

F. EM+LLG Simulation Model

We have developed a model to consider eddy-current damping and spin pumping terms to

the damping of spin-waves self-consistently, including the Maxwell’s equations and the LLG
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equation. Curves calculated using the model are shown in Figures 2 and 5 of the main text.

The model is a simple extension of Rado’s approach12 for electromagnetic wave absorption

in conductive ferromagnets, adapted for thin (rather than semi-infinite) films under single-

sided excitation. Previously, we have applied a similar model to magnetic field distributions

in magnetic heterostructures, as described in Ref13, Supplemental Information.

For the purposes of this manuscript, we have added two new terms describing intralayer

and interlayer spin pumping to the LLG equation. These two novel terms are given in Eqs 18

and 33, respectively. Also, where we considered heterostructures with in-plane magnetization

in Ref13, here we consider the simpler case of single ferromagnetic layers with film-normal

magnetization, the better to isolate novel damping terms. All discussion is given in SI units

to be consistent with our presentation of experiments.

Geometry: As in Refs12,13, we consider a one-dimensional problem. The film plane is

taken as xy, the microwave propagation direction is taken along the film thickness, k = k ẑ,

with the sample surfaces at z = ±tF/2, where tF is the ferromagnetic layer thickness. We

define the half-thickness as d ≡ tF/2. Microwaves are assumed to be incident from free

space at z = +tF/2; only a transmitted wave will be present at z < −tF/2. The normal

magnetization case is simpler than the in-plane magnetization case, as precession can be

circular rather than elliptical. The film is uniformly magnetized along z with the bias field

HB applied normal to the film plane, along z. For simplicity, we assume a right-hand

circularly polarized microwave field, amplitude H0, incident on the film, and seek right-hand

circularly polarized dynamic solutions of magnetization, complex amplitude m̃0:

H = HB ẑ+Hrf Hrf (z ≥ tF/2) = H0 (x̂− iŷ) ei(−kz−ωt) (8)

m ≃ ẑ+m0 (x̂− iŷ) ei(−kz−ωt) (9)

Characteristic lengths: Following Rado12, we introduce the exchange length δex and non-

magnetic skin depth δ0, given in terms of the exchange stiffness A, magnetization Ms,

conductivity σ, and RF circular frequency ω as

δex =

√
2A

µ0M2
s

δ0 =

√
2

µ0σω
(10)

in SI units, and the dimensionless values

6



κ ≡ δexk 2iϵ2 = 2i
δ2ex
δ20

(11)

for the wavenumber and the role of conductivity, respectively. The microwave frequency

ω is also given in dimensionless form,

Ω ≡ ω

ωM

ωM ≡ µ0Msγ (12)

where γ is the gyromagnetic ratio.

Permeability from Maxwell’s equations: As Rado showed, Maxwell’s equations place the

following restriction on the complex susceptibility for perpendicular magnetization, χ̃⊥

χ̃ =
κ̃2 − 2iϵ2

2iϵ2
(13)

which can be found by taking the curl of the displacement-current free approximate form

valid for metals

∇×H = σE (14)

This expression assumes entirely local conductivity, with current J(z) proportional to

electric field E(z) at each point z, a simplifying assumption neglecting nonlocal aspects

of electrical conductivity in thin films. The expression is combined with the electric field

expression,

∇× E = −µ0(1 + χ)(∂H/∂t) (15)

with plane-wave solutions as specified above. The wavenumber admits complex solutions

to satisfy equation 13.

Permeability from the LLG equation: At the same time, the LLG equation for magneti-

zation dynamics, including the novel term from intralayer spin pumping,

ṁ = −µ0γm×Heff + α0m× ṁ+ Akm×∇2ṁ (16)

with variables as defined in the main text, can be solved substituting Eqs 8,9 for periodic

motion and perpendicular magnetization in nc-FMR, taking χ = Msm0/H0 as
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χ̃ =
1

heff − Ω
heff = η + q̃κ̃2 η ≡ hB − iα0Ω− 1 (17)

with the effect of the novel wavenumber-dependent damping term is contained in the

parameter

q̃ ≡ 1− iAkδ
−2
ex Ω (18)

as an imaginary-valued effective field counterpart to the real-valued effective field from

exchange. Here the reduced variable h in heff represents the effective field acting along the

static magnetization direction normalized to the magnetization, h ≡ H/Ms. The frequency-

dependent, imaginary effective fields show the relation α = α0 + Akk
2 outlined in the main

text.

Dispersion relation: After equating Eqs 13 and 17 for the permeability, the electromagnetic-

and spin-wave dispersion relation for κ is a biquadratic formula

κ4 +B
′
κ2 + C

′
= 0 (19)

The coefficients B, C, are

B
′
= q̃−1 (η − Ω)− 2iϵ2 C

′
= −2iϵ2q̃−1 (1 + η − Ω) q̃ ≡ 1− iAkδ

−2
ex Ω (20)

Following Jirsa’s notation3, the wavenumbers can be reduced through the half-thickness,

as y = kd, and the dispersion relation in Eq 19 can be written equivalently as

y4 −B y2 + C = 0 (21)

where

B ≡ −ΣB
′

C ≡ Σ2C
′

Σ ≡ d2

δ2ex
(22)

For a given frequency ω and magnetic bias field HB, the equation can be solved through

the quadratic formula, and two independent eigenmodes ±y0, ±y1 will exist. The amplitudes

of the two different modes which can be excited are determined through boundary conditions,

both for electromagnetic continuity and for surface torque on magnetization.
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Field amplitudes: The auxiliary magnetic fields are expanded in the modes k0 and k1

through

H(z, t) = [a0 cos k0z + b0 sin k0z + a1 cos k1z + b1 sin k1z] (cosωtx̂+ sinωtŷ) (23)

with reduced magnetization amplitudes

m(z, t) = M−1
s [χ0 (a0 cos k0z + b0 sin k0z) + χ1 (a1 cos k1z + b1 sin k1z)] (cosωtx̂+ sinωtŷ)

(24)

where χi is found by substitution of ki, determined through the quadratic formula 21,

into Equation 17. The electric field amplitude is determined from Equation 14, Ei =

(µ0σ)
−1(∂/∂z)ẑ×H(z, t).

E(z, t) = µ0σ [k0 (−a0 sin k0z + b0 cos k0z) + k1 (−a1 sin k1z + b1 cos k1z)] (− sinωtx̂+ cosωtŷ)

(25)

Surface torques, including interlayer spin pumping: Surface anisotropy14 determines the

boundary condition for the spin wave profile in the film. The transverse magnetization

component mT (along x, y) is set by equating upper and lower torques on the surface mag-

netization, through

∂mi

∂z
(±d)± K̃s

Aex

mi(±d) = 0 (26)

where i = x, y give the same surface pinning conditions for both transverse magnetization

components in nc-FMR, and the same for circular polarization m0 = mx − imy. In the

absence of surface anisotropy, with K̃s = 0, yp is entirely geometrical, with yp = pπ/2,

p = 0, 1, 2 . . ., and p = 0 is the uniform mode resonance.

We assume symmetric pinning: that the surface anisotropy constant, K̃s, is the same at

the top (z = d) and bottom surfaces (z = −d), appropriate for our nominally symmetric

heterostructures. Odd-(h ∼ sin kz) and even-(h ∼ cos kz) mode resonances are given by3,15

ỹp + β̃ tan ỹp = 0 (odd) (27)
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ỹp − β̃ cot ỹp = 0 (even) (28)

where β̃ is the pinning parameter, defined after Jirsa as3

β̃ ≡ K̃sd

Aex

(29)

For uniform modes (y ≪ 1), the resonant wavenumber due to surface anisotropy is, from

Eq 28,

y2r,0 ≃ β (y → 0) (30)

We introduce dissipation (damping) localized to the surfaces, phenomenologically, through

an imaginary surface anisotropy energy16

K̃s = K
′

s + iK
′′

s (31)

making β and yr,0 complex. This term can represent surface-related damping αsurf of any

type as long as the torque it exerts on magnetization is localized to the surface; the effect

would include conventional (interlayer) spin pumping and possibly resistivity-type damping

from surface scattering. The effect of the complex surface anisotropy on damping can be

seen through the dispersion relation in Eq 21: in the limit of small conductivity, δ0 → ∞

and 2iϵ2 → 0, Eq 21 becomes y2 ≃ −B, and Im(y2) = α0ΩΣ. Equating Im(y2) = αΩΣ and

Im(y2r,0) = K
′′
s d/A yields K

′′
s = αωMsd/ (2γ). To represent spin pumping, we equate the

surface-related damping αsurf to the spin pumping term

αsurf = 2
|γ|h̄g↑↓r
4πMstF

(32)

in SI units, where the factor of two represents the effect from both top and bottom

surfaces (symmetric pinning) and g↑↓r /S is the spin mixing conductance in units of m−2.

K
′′

s =
g↑↓r
S

(
h̄ω

8π

)
(33)

Boundary conditions and solution: Through the relations presented to this point, there

are six boundary conditions for the conductive magnetic thin film: surface torques, E-field

continuity, and H-field continuity, all at both top and bottom surfaces. There are eight
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unknown coefficients: reflected and transmitted Er,t and Hr,t amplitudes for the monochro-

matic microwaves in free-space at the two surfaces, and the four values of ai, bi pertain-

ing to the H−field distributions inside the film given in Eq 23. The 8 × 6 system of

equations can be reduced to a 4 × 2 system, represented through a transfer matrix M,

[Ed, Hd]T = M [E−d, H−d]T ). In the case of the single layer, incident, reflected, and trans-

mitted waves can be written in terms of the H-field only, with E = ±µ0cH, making all field

distributions soluble in terms of the incident H−field.

For unit incident fields, absorbed power is calculated through the Poynting theorem. We

fit Lorentzian curves to the absorption in the vicinity of the SWR, and extract values of

damping α from the linewidth. Calculated linewidths match the analytical approximate

calculations for eddy-current linewidth under finite surface anisotropy presented in Ref3,

for the absence of novel torques, to 5% or better. We have verified numerically that all

linewidths are Gilbert type in the model; this can be seen immediately through the effective

fields in Eq 17, with all imaginary effective-field terms proportional to frequency Ω.
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