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Chapter 1

Microscopic basis of
elasticity

The goal of the course is to understand the mechanical behavior of solids: the
relationship of strain (deformation) to stress (forces) acting on solid bodies.
For the most basic microscopic picture of stress and strain acting on solids,
we will consider the forces involved in atomic bonding on a phenomenological
level in Section 1.1, and show how these result in both elastic displacements
and deviations from elastic displacements.

Much of the experimental evidence for microscopic picture of elasticity
comes from calorimetric measurements, especially heat capacity CV , which
answers: how much heat is absorbed in changing the temperature of a sam-
ple by 1 K? We will explore the success of Debye model for heat capacity
in Section 1.3 and show how all its parameters can be determined by mea-
surements of elasticity.

1.1 Bonding from interatomic potentials

First, I will consider a simple and general model for bonding in a solid,
based on competing attractive and repulsive potentials. The model provides
a microscopic basis for ’spring forces’ between atoms, underlying both our
treatment of lattice vibrations in Section 1.2 and our eventual continuum
description of elasticity.
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8 CHAPTER 1. MICROSCOPIC BASIS OF ELASTICITY

1.1.1 General considerations

Bonding lowers the energy of a crystal The internal energy U of a
crystal is lowered through its bonding. As a sort of proof, consider:

• For temperatures below the melting point Tm, the Gibbs free energy of
the solid (crystal) phase is lower than that of the liquid phase, proven
by the fact that crystallization is spontaneous at constant pressure P
and T < Tm.

• The Gibbs free energy has contributions from internal energy, pressure
P , and entropy S, through G = U + PV − TS.

• In the liquid, configurational entropy S will be larger than that for
a crystal, in which S → 0 as T → 0, according to the fourth law of
thermodynamics.

• At atmospheric pressure, PV is relatively negligible.

• By process of elimination, the internal energy U is the quantity lowered
in bonding.

Existence of the lattice parameter For a crystal at a given tempera-
ture, the interatomic spacing is well-defined, through the unit cell param-
eters. This imples that the potential energy reduction −|U | through the
bonding reaches a minimum for the interatomic spacing reached at the lat-
tice parameter. Qualitatively, the energy minimum (potential well) is rela-
tively easy to understand. Whatever binds the atoms – metallic bonds, co-
valent bonds, or ionic bonds – becomes weaker when the atoms are spaced
further apart. On the other hand, whatever repels the atoms from each
other, keeping them from collapsing in on themselves to form a black hole
– Pauli exclusion, basically – becomes stronger when the atoms are pushed
closer together.

1.1.2 Semiquantitative model: empirical potentials

For a semiquantitative model, we can consider the bonding between two
atoms separated by a distance d. We would like to find the bond energy
U(d), which reaches a minimum for d = 2R, where R is the radius of a hard-
sphere model for the atoms. For ionic bonding, for example, we know that
the electrostatic energy can be written in terms of the electrostatic potential
through
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U(d) = |Z+qe|V (d) (1.1)

The electrostatic potential can be written with

V (d) =
−Z−qe
4πε0d

(1.2)

where Z is the number of ionic charges per atom. We can express this
term as U−(d) = −Ad−1. The repulsive term from Pauli exclusion is less
simple and not as well defined as the electrostatic interaction. We assume
that it depends on interatomic spacing as U+(d) = Bd−n, with 6 ≤ n ≤ 11.
The sum of the two terms, with both A and B positive, is

U(d) = U−(d) + U+(d) (1.3)

U(d) = −Ad−1 +Bd−n (1.4)

The interatomic spacing of the crystal structure (or here, the interatomic
spacing of the diatomic molecule) will be found, for T = 0, where the en-
ergy U(d) is minimized. To find the equilibrium, we take the zero of the
interatomic force, F = −∂U/∂d,

F (d0) = Ad−20 − n Bd
−(n+1)
0 = 0 (1.5)

d0 =

(
nB

A

)1/(n−1)
(1.6)

where d0 is the equilibrium interatomic spacing. d0 decreases with increas-
ing attractive potential strength A and increases with increasing repulsive
potential strength B.

1.1.3 Harmonic components: ’springlike’

For very small displacements about the equilibrium spacing, the combined
action of the bonding and repulsive terms is like a spring force between
the atoms, restoring the spacing from d to d0. This can be seen more
quantitatively by Taylor-expanding the potential for small displacements
d− d0,

U(d) ' U(d0) +
1

2

(
∂2U

∂d2

)
d=d0

(d− d0)2 . . . (1.7)



10 CHAPTER 1. MICROSCOPIC BASIS OF ELASTICITY

Figure 1.1: Solid line: interatomic potential defined in Eq 1.4. Dashed
line: harmonic approximation, defined in Eq. 1.7. Shaded line: average
interatomic spacing as a function of energy < d(U) > above the minimum,
showing thermal expansion.
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Clearly, the first-order term is left out of this expression because it is
zero at d = d0 – the potential is minimized and the first derivative is zero.
Including more terms, and defining u ≡ d − d0 as the displacment of an
atom,

U(d) ' U0 +
f

2!
u2 +

g

3!
u3 +

h

4!
u4 . . . (1.8)

where f, g, h are the second, third, and fourth-order derivatives of U in
terms of u about u = 0. Note that the coefficient for the third-order term
is negative, g < 0: there is positive curvature in U for d < d0 and negative
curvature for d > d0. The force can be written F = −∂U/∂d, so keeping
only the first term,

F (d) = −
(
∂2U

∂d2

)
d=d0

(d− d0) (1.9)

Through comparison with the spring constant expression, F = −k∆x,
we can identify a spring constant with the curvature of the interatomic
potential,

k ↔ ∂2U(d)/∂2d (1.10)

It is straightforward but tedious to show that for the power law model,

f = (n+ 3)
(
n−3 An+2 B−3

)1/(n−1)
(1.11)

1.1.4 Anharmonic components

As shown in Figure 1.1, the potential U(d) begins to deviate from the har-
monic approximation for moderate displacements u/d0 < 1. The first cor-
rection for anharmonicity is the third-order, gu3/3! term. While the har-
monic approximation is even about u = 0, the actual potential rises more
steeply for negative displacements u < 0 than for positive displacements,
u > 0. This feature has effects on the temperature dependence of mechani-
cal properites.

Thermal expansion As shown in Figure 1.1, when the system of bound
atoms is excited to higher energies U > U0, the average interatomic spacing
< d(U) > will increase. The horizontal lines in Figure 1.1 indicate the
effect of increasing average energies. This phenomenon is known as thermal
expansion. The coefficient of thermal expansion α ([=]K−1) is defined by
the dimensionless strain per degree of rise of temperature,



12 CHAPTER 1. MICROSCOPIC BASIS OF ELASTICITY

α = 1/L (∂L/∂T )P (1.12)

or

α = (ε/∂T )P (1.13)

For a quantitative estimate, we can consider the effect of the anharmonic
term on the vibrational characteristics of a molecule with displacement u.
For the equation of motion of one atom with mass m under the force F
exerted by another, fixed atom, we have (neglecting rotation), to third order
in u, ü = F/m

ü = − 1

m

(
fu+

g

2
u2
)

(1.14)

ü = −ω2
0

(
u+ su2

)
s ≡ g

2f
(1.15)

where s[=]m−1. We can seek solutions including a second harmonic term,

u(t) = v0 +A cosωt+ η cos 2ωt (1.16)

with small amplitude η, η � A, and v0 � A is a time-averaged dis-
placement. We neglect terms second order in η and v0 (and ηv0) as well as
higher-harmonic terms, and approximate the new term quadratic in u as

u2(t) ' A2

2
(1 + cos 2ωt) + 2Av0 cosωt (1.17)

giving for Equation 1.14

ω2

ω2
0

(A cosωt+ 4η cos 2ωt) =

v0 +A cosωt+ η cos 2ωt+ s
A2

2
(1 + cos 2ωt) + 2sAv0 cosωt (1.18)

Equating the constant terms gives, for the time-averaged displacement
v0,

v0 = −sA
2

2
(1.19)

and equating the cosωt terms, using Eq 1.19, gives for the frequency,
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ω2

ω2
0

= (1 + 2sv0) (1.20)

ω2

ω2
0

= 1− s2A2 (1.21)

Each of these terms shows that there is a nonlinear effect of vibra-
tion amplitude A on the resonance properties. Equation 1.19 shows that
a time-averaged displacement v0, absent for infinitesimally small displace-
ment, develops proportional to the square of the vibrational amplitude and
the magnitude of the third-order term g. Equation 1.21 shows that there is
a reduction (softening) in the resonance frequency proportional the square
of the vibrational amplitude.

Equation 1.19 is the origin of thermal expansion. Classically, the mean
energy of the molecule, vibrating with amplitude A as u(t) = Ae−iωt, can
be expressed in terms of the spring constant f = k as fA2/2. This limit
holds at high temperatures compared with the Debye temperature, as will
be shown in Section 1.3.

Equating the energy with the thermal energy yields kBT = fA2/2, or

A2 ∼ 2kBT

f
(1.22)

v0 = − g

4f

2kBT

f
(1.23)

Taking ε = v0/d0 for the strain, the thermal expansion coefficient is then

α = −s kB
d0f

(1.24)

Temperature-dependence of the elastic modulus Equation 1.21 shows
that the elastic modulus is also dependent on temperature, but weakly so.
Remembering that the resonant frequency ω0 can be expressed in terms of
the spring constant (here f) as ω2

0 = f/m, we see

E(T )

E(0)
= 1− 2s2kB

f
T (1.25)

which shows that anharmonicity also predicts a linear decrease in the
elastic constant E(T ) with increasing temperature, at high temperature.
Experiments prove this prediction to be true, although the temperature
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Figure 1.2: Illustration of diatomic model for lattice vibrations. Displace-
ments are measured as Ai, Bi for atom A, B at site i. The illustration shows
the longitudinal acoustic mode with wavelength λ ' 6a

dependence is rather weak, negligible for most purposes far from the melting
point. The change in the stiffness for Ag over 4.2 K ≤ T ≤ 300 K is only
about 6% of the total[1]. This can be explaned by the small magnitude of
s2/f .

1.1.5 Alternate forms

The power-law model for interatomic potentials is shown here for illustrative
purposes, not because it is the most widely used or most accurate. The
Morse potential,

U(d) = D
(
e−2α(d−d0) − 2e−α(d−d0)

)
(1.26)

appears to be the best validated through experimental values of elas-
tic modulus E, cohesive energy U0, thermal expansion α, and temperature
dependence of elastic modulus E(T )/E(0), at least for cubic metals, as de-
scribed in Ref [2]. This potental also has competing long-ranged attractive
and short-ranged repulsive terms, and will be explored in the Exercises.

1.2 Lattice dynamics: normal modes of the di-
atomic lattice

The interatomic potential model suggests that interatomic bonds are mostly
like springs, keeping atoms at a fixed separation at equilibrium. The massive
part of the atom is the ion core; the outer-shell valence electrons, with
negligible mass, are the springs. To model lattice dynamics, the equations
of motion for atoms in a solid, we can treat an array of masses connected to
each other by springs.

If two atoms are bound together and initially displaced from their equi-
librium spacing d0, they will oscillate about their equilibrium separation
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with a frequency ω0 =
√
k/m, where the spring constant k is given by the

interatomic potential in Equation 1.10 and m is the atomic mass. In a crys-
tal, arbitrary motions can be described as linear combinations of the normal
collective modes; we will calculate normal modes for the simplest example
below.

1.2.1 Equation of motion

We will consider a 1-D crystal (on x) with two atoms, A and B, in the unit
cell, as illustrated in Figure 1.2. A and B atoms are separated by a, and
the structure is A0B0A1B1A2B2 . . ., such that the lattice parameter is 2a.
Displacements from these positions will be zero at equilibrium.

We can consider displacements along any direction. The spring constants
will be the same as what we have considered so far if the displacements
are along x̂, or if the displacements are longitudinal. There are also two
possibilities for transverse modes, with displacements along ŷ and along ẑ.
The spring constants here are different, in principle, and longitudinal and
transverse modes can then have different frequencies.

We can write the equation of motion for atom Ai in terms of nearest-
neighbor interactions only, with Bi−1 and Bi. We consider wavelike solutions
for the displacements of A and B atoms at position i,

Ai = A exp j (kxA,i − ωt) (1.27)

Bi = B exp j (kxB,i − ωt) (1.28)

where A and B are in principle complex vectors (with the direction giving
the wave polarization.) Here the positions of the atoms are xA,i = 2i a and
xB,i = (2i+ 1) a. For A atoms, Newton’s law is

mAÄi(t) = −kAB (Ai −Bi−1)− kAB (Ai −Bi) (1.29)

Substituting in for the spatial dependence,

−ω2mAAe
jk(2ia) = −kAB

(
Aejk(2ia) −Bejk(2i−1)a +Aejk(2ia) −Bejk(2i+1)a

)
(1.30)

yielding for the dispersion relation ω(k)

− ω2A = −kAB
mA

(2A− 2B cos ka) (1.31)

and for B atoms, similarly,
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− ω2B = −kAB
mB

(2B − 2A cos ka) (1.32)

Defining an averaged resonant frequency ω0 and a mass ratio η

ω2
0 ≡

kAB√
mAmB

η ≡
√
mA

mB
(1.33)

So the 2× 2 eigenvalue equation is

0 =

[
1− η

(
ω2/ω2

0

)
/2 − cos ka

− cos ka 1− η−1
(
ω2/ω2

0

)
/2

] [
A
B

]
(1.34)

where solutions exist only for the determinant equal to zero:(
1− ηω2/

(
2ω2

0)
)) (

1− η−1ω2/2ω2
0

)
− cos2 ka = 0 (1.35)(

ω2/2ω2
0

)2 − (η + η−1
) (
ω2/2ω2

0

)
+
(
1− cos2 ka

)
= 0 (1.36)

ω2

2ω2
0

=

(
η + η−1

2

)
±

√(
η + η−1

2

)2

− sin2 ka (1.37)

This defines the dispersion relation for lattice vibrations ω(k). Here the
positive root, at higher frequency, is the optical mode, and the negative root,
at lower frequency, is the acoustic mode. The frequencies are so named be-
cause in the long-wavelength (low-k) limit, lattice vibrations can be excited
by sound (< 103s−1) or light (∼ 1015s−1). Numerical solutions are shown
in Figure 1.3. In the limit of equal masses mA = mB, η = 1, and the two
modes are

ω2

2ω2
0

= 1± cos ka (1.38)

For ka� 1, the modes are

ω− ' ω0ka ω+ '
√

2ω0

√
2− (ka)2

2
' 2ω0 (1.39)

The former is known as the Debye approximation and the latter is known
as the Einstein approximation. For the Debye approximation, the speed of
sound is

∂ω/∂k = vm = ω0a (1.40)
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Figure 1.3: Phonon dispersion relation ω(k), diatomic model as pictured in
Figure 1.2, for η = 1 (mA = mB) and η = 2 (mB = 2mA.) Solid lines:
acoustic modes. Dashed lines: optical modes.

, and then varies as the square root of the interatomic ’spring constant.’ In
Cu, for example, vm ' 5 km/s for longitudinal mode, and roughly half that
for the transverse mode. Taking a ' 0.25 nm, the resonant frequency for
the bond is ω0 ∼ 20 THz.

1.3 Debye model for heat capacity

Early experimental evidence for the role of lattice vibrations in heat absorb-
tion came from measurements of the temperature-dependent heat capacity
CV (T ). The Debye model (with dispersion ω = vmk) was successful in
explaining the low-temperature limit, CV ' T 3.

1.3.1 Derivation of Debye model

The allowed phonon modes are much the same as the allowed modes for free
electrons, or for a vibrating string. In each Cartesian direction, there is one
allowed mode per ∆k = π/L, and as before,
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kn = ∆k n ∆k =
π

L
(1.41)

Also, we treat only the acoustic phonons, with ω = vmk, where vm is
the speed of sound, and

ωn =
π

L
vm n (1.42)

We can solve this problem like the total number of electrons below EF .
The k−space density of phonon modes is

Dk3 =
3

(π/L)3
(1.43)

where instead of two allowed spin states, we have three polarizations:
one longitudinal (compression) and two transverse.

Particle representation; occupancy At this point, it is necessary to
introduce the particle representation for lattice vibrations. Like electrons,
lattice vibrations have fundamental, quantized values for energy, En = h̄ωn.
They are created when thermal energy is added to the system and annihi-
lated when thermal energy is removed. Phonons are bosons; unlike electrons,
they can all populate a single mode. Their thermal occupancy is described
by the Bose-Einstein distribution,

fBE(E) =
1

exp (E − µ)/kBT − 1
(1.44)

For particles which are not conserved, like phonons, the chemical poten-
tial can be taken as zero:

fp(E) =
1

expE/kBT − 1
(1.45)

which is the Planck distribution. We assume (as for electrons) that all
states are occupied up to a ’cutoff’ value of k, called the Debye wavenumber
kD. A cutoff is rigorous in the case of electrons at zero temperature (as
fermions, with occupancy 1 below kF and 0 above kF at zero temperature),
but it is approximate for bosons, like phonons. The total number of phonons
excited, defined here as Q, can be expressed in terms of kD as

Q = Dk3
π

6
k3D (1.46)



1.3. DEBYE MODEL FOR HEAT CAPACITY 19

Figure 1.4: Debye model for crystal lattice: masses (nuclei) on springs (elec-
trons).

Normalization condition: For phonons, there is a limit on the total num-
ber of modes. N atoms with three polarizations support 3N normal modes.
For example, for two atoms, one polarization, there are two normal modes:
the ”acoustic mode” (motion in the same direction) and the ”optical mode”
(moving in opposite directions.) This poses an upper limit on kD. Because
Q ≤ 3N :

3N ≥ 3

(π/L)3
π

6
k3D (1.47)

The Debye k can be expressed in terms of the atomic number density
nat = N/L3 as

kD =
(
6π2n

)1/3
(1.48)

or in terms of the Debye frequency ωD = vmkD as

ωD =
(
6π2nat

)1/3
vm (1.49)

and finally as a Debye temperature θ, kBθ = h̄ωD) as

θ =
h̄vm
kB

(
6π2nat

)1/3
(1.50)

where nat can be expressed as n−1at = (6π2)(h̄vm/kB)3θ−3.



20 CHAPTER 1. MICROSCOPIC BASIS OF ELASTICITY

Energy density of states: In terms of ωD, the density of states can be
expressed as

gE(E) =
∂Q

∂E
(1.51)

We can express Q in terms of energy as

Q = Dk3
π

6
k3D (1.52)

Q = Dk3
π

6

(
E

h̄vm

)3

(1.53)

gE(E) =
3V

2π2h̄3v3m
E2 (1.54)

Now the total energy for the system can be expressed as

U =

∫ kBθ

0
dEEfp(E)gE(E) (1.55)

and per atom as

u ≡ U

N
=

3n−1

2π2h̄3v3m

∫ kBθ

0
dE

E3

expE/τ − 1
(1.56)

Changing variables to x ≡ E/τ , E3 = τ3x3, dE = τdx,

u =
3n−1at

2π2h̄3v3m
τ4
∫ θ/T

0
dx

x3

ex − 1
(1.57)

u =
3(6π2)(h̄vm/kB)3θ−3

2π2h̄3v3m
τ4
∫ θ/T

0
dx

x3

ex − 1
(1.58)

u = 9
kBT

4

θ3

∫ θ/T

0
dx

x3

ex − 1
(1.59)

Differentiating the upper limit of integration, we have for the heat ca-
pacity per atom cV ≡ CV /N = (∂u/∂T )V ,

cV = 36kB

(
T

θ

)3 ∫ θ/T

0
dx

x3

ex − 1
− 9

kBT
4

θ3

(
θ

T 2

)(
x3

ex − 1

)
x=θ/T

(1.60)
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Figure 1.5: Temperature-dependent heat capacity per atom, cV , in units
of the Boltzmann constant, from the Debye model (Eq 1.61.) Temperature
scale is normalized to the Debye temperature θ. Note the low-temperature
variation as (T/θ)3 and the classical high-temperature limit of 3kB.

cV = 36kB

(
T

θ

)3 ∫ θ/T

0
dx

x3

ex − 1
− 9

kBθ

T

(
1

eθ/T − 1

)
x=θ/T

(1.61)

Equation 1.61 is plotted in Figure 1.5.

Low-temperature limit of heat capacity In the limit T � θ, the upper
limit of the integration can be expressed as infinity. From tables of integrals,∫∞
0 dxx3 (e−x − 1)

−1
= π4/15

u = 9
kBT

4

θ3
π4

15
(1.62)

cV =
12π4

5
kB

(
T

θ

)3

T � θ (1.63)

This is the Debye T 3 law for low-temperature heat capacity, very impor-
tant in the historical development of solid state.
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High-temperature limit For T � θ, the integrand in Eq 1.59 can be
approximated as x3/(1.+x− 1.) = x2, and the definite integral evaluates to
(θ/T )3 /3. Thus the high-temperature limit for the heat capacity per atom
is

cV = 3kB T � θ (1.64)

which is the result for an ideal gas. This result is known as the Dulong-
Petit law.

1.3.2 Comparison with experiments

The agreement between the Debye theory and experimental heat capaci-
ties is remarkably good. The temperature-dependent heat capacity CV (T ),
measured from calorimetry and plotted as a function of reduced temperature
T/θ is shown in Figure 1.6. The single fit parameter in these experiments
is the Debye temperature θ. A universal temperature dependence is seen
for diverse classes of materials: cubic metals, diamond cubic insulators, a
hexagonal insulator and a cubic ionic compound (KCl). This is all as pre-
dicted by Eq 1.61, which holds irrespective of any details of the bonding.

Debye temperature and elasticity Next comes the question: is the
Debye temperature simply a fitting parameter for heat capacity measure-
ments, or can it be predicted? Recasting the Debye temperature, we see
that it depends on two materials parameters which can be determined from
independent experiments: the density ρ and the speed of sound vm:

θ =
h̄

kB

(
6π2

NAρ

M

)1/3

vm (1.65)

where NA is Avogadro’s number and M is the molecular weight. The
isotropic speed of sound can be extracted from tables of longitudinal and
shear speeds, vl and vs, by

vm =

(
1

3

[
2

v3s
+

1

v3l

])−1/3
(1.66)

which are themselves functions of elastic moduli, as would be expected
from vp = ω/k: a stiffer medium will allow a wave to propagate more quickly.
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Figure 1.6: Experimental heat capacities for a range of different materials.
From Ref [3] p.79
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Figure 1.7: Experimental Debye temperatures for 22 elemental solids, mea-
sured by calorimetry, as a function of values predicted from ultrasonic mea-
surements of the speed of sound vm using Eq 1.65. Debye temperatures
tabulated in Ref [3], speeds of sound. Line indicates perfect agreement.
Theoretical values generally predict or overestimate θ.

For illustrative purposes, I compare the experimental Debye tempera-
tures, measured by calorimitry, with those predicted from elasticity, esti-
mated (crudely) through Eq 1.66. The longitudinal and shear speeds of
sound have been measured through ultrasonic transmission; I have (inadvis-
ably) taken values of vl and vs for different solids from Wikipedia. Combin-
ing these values of vl and vs, with tabulated densities and atomic weights
(ibid), with measured Debye temperatures θ from heat capacity as tabu-
lated in [3], we can determine how predictive the theory is. The comparison
for several elemental solids is presented in Figure 1.7. We see that the De-
bye temperatures are predicted reasonably well for these materials from the
speeds of sound; the error in many cases results from incomplete measure-
ments of vl and vs.

In cases where the speeds of sound have been calculated accurately from
suitably averaged single-crystal anisotropy elastic moduli, the agreement is
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Crystal θexp (K) vl (km/s) vs (km/s) ρ (g cm−3) M θ/θtheo
Ag 215 3.51 1.61 10.49 107.88 0.97

Table 1.1: Comparison of experimental Debye temperature from calorimetry
with that calculated from longitudinal and shear speeds of sound vl and vs,
including density ρ, for Ag.

much better than that shown here. Better than 10% agreement between
’mechanical’ (from elastic moduli) and ’thermal’ (from calorimetry) Debye
temperatures has been found across a set of 60 polycrystalline solids of
various types in Ref [4].
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Exercises

1. One widely used empirical potential for the energy between two atoms
with spacing d is the Morse potential, written as

U(d) = D
(
e−2α(d−d0) − 2e−α(d−d0)

)
(1.67)

Sample values for Cu are D = 343 meV, α = 1.36 Å
−1

. For a diatomic
bond of Cu2,

(a) Calculate the ”spring constant” f , assuming an interatomic spac-
ing of 0.209 nm.

(b) Calculate the anharmonic coefficient g and parameter s

(c) Calculate the coefficient of thermal expansion α for the bond

(d) Estimate the ratio of elastic modulus at room temperature to that
at zero temperature, E(300K)/E(0K) considering one bond only.

For (FCC) Cu, with lattice parameter 0.36nm,

(e) calculate the cohesive energy. For simplicity, consider only nearest-
neighbor interactions (12 in the crystal).

2. Determine the polarization character of the optical and acoustic modes
of the diatomic lattice by backsubstituting the eigenfrequencies ω in
Eq 1.39 into the eigenvalue Equation 1.34, and solving for A and B.
How do the atoms move?

3. Derive the dispersion relation for a monatomic lattice: A atoms only,
separated by a lattice spacing of a, with spring constant k. Using the
Bloch theorem, show (graphically) that the result is identical to that
for the diatomic lattice with mA = mB shown in Figure 1.3. Hint: the
first Brillouin zone boundary for a lattice with lattice parameter 2a
is at half the value of that for a lattice with lattice parameter a, and
the reduced representation for one is in the extended representation
for the other.

4. Will there be a relationship between cohesive energy and the Debye
temperature, according to the power law model for potentials? Assume
two scenarios: one where the A and B coefficients change by a common
factor, and one where they do not. What do you expect? Make a
table of cohesive energies (in eV/atom) and Debye temperatures θ (in
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K) for Si, Ge, Sn; Cu, Ag, Au and rationalize your results. (Debye
temperatures are available as an e-book on clio for ref. [3]; find cohesive
energies on www.springermaterials.com or wikipedia.)

5. Calculate the Debye temperature for a fictitious FCC crystal with 100
g/mol, lattice parameter of 0.4 nm, and isotropic speed of sound 5
km/s.

6. Derive the low-temperature limit of heat capacity, CV (T ), for a two-
dimensional lattice, in terms of the Debye temperature θ and the Boltz-
mann constant kB only.
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Chapter 2

Stress

2.1 Types of forces on a volume element

There are two types of forces which can be exerted on a differential volume
element of a solid, dV :

• Body forces exerted per unit volume of dV . These exert a force
per unit volume of the material, essentially on each atom contained
within the element. Examples include the gravitational force, centrifu-
gal forces, or diamagnetic forces. Body forces will be denoted as g;
body torques will be denoted as G.

• Surface tractions exerted per unit area of dV . These come from the
elastic continuum, and are nearest-neighbor interactions with other
atoms. Atoms just outside the volume element pull out the atoms just
inside the volume element when the element is under tensile stress.
Atoms just outside the volume element push in the atoms at the
boundary of a differential volume element when the element is under
compressive stress. These forces per unit area are denoted as σ.

For most of our discussion, we will focus on the latter surface tractions,
called stresses σ.

2.2 The stress matrix

We will take our Cartesian coordinate system as (x1, x2, x3), where xi stand
in for the typical x, y, z, as shown in Figure 2.1, left. The position O is the

31
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Figure 2.1: Left: Cartesian axes xi; right: stresses. Highlighted: forces
acting on face with normal x1 (boundary in yz plane).

origin. Defining axes in this way allows us to generalize results more easily:
no direction xi is privileged.

The stress which acts on the element dV = δx1δx2δx3 is accounted for
using two indices. The force per unit area

F = σ(δx)2 (2.1)

is exerted on the element face with normal Oxj , by surrounding mate-
rial, in the direction Oxi. This defines the stress element σij . So

σij : force direction: i, face normal: j (2.2)

In Figure 2.1, the forces acting on the face with normal x1 are higlighted.

Normal and shear stresses There are two types of stresses.

• Normal stresses have forces per unit area exerted along the face
normal, with i = j. So for σ11, the force from the surrounding atoms
acts in the direction x1, normal to the boundary of the element in that
direction. Similarly, σ22, σ33 go along the x2 and x3 axes respectively.

• Shear stresses have i 6= j. The forces from the surrounding atoms
exert forces in the plane of the element boundary. σ12 then describes
a force from surrounding atoms, acting in the x direction, on the face
in the xz plane, with normal in the positive y direction.

The sign of the force is implicit in the definition. For an element in
tension, σii > 0, the force from the surrounding atoms pulls out the atoms
within the element. The force is exerted in the +x direction for the face with
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normal +x, but for the opposite face, with normal −x, the force points in
the opposite direction, −x. The sign convention means that the sense of the
force reverses at opposite boundaries. For shear stresses, it is less obvious,
but also true that the force direction for a given value of σij will reverse on
opposite sides of the element.

2.3 Requirements for equilibrium

Typically, we are interested in the forces acting on bodies in mechanical
equilibrium. Mechanical equilibrium implies that all elements within the
solid are not accelerating, so there is no net force or torque upon each
differential element dV .

2.3.1 Forces

We can write Newton’s law for a differential cubic element, δx on a side,
located at x = x1x̂1 + x2x̂2 + x3x̂3. For total forces in the x3 direction,
for example, there are six tractions (two from opposite faces) for the three
stresses. First we will write the two from the normal stresses and the body
force in the x3 direction, g3,

mü3 = σ33(x +
δx

2
x̂3)(δx)2 − σ33(x−

δx

2
x̂3)(δx)2 + g3 (δx)3 . . . (2.3)

where m is the mass of the element, u3 is the displacement of the element
in the x3 direction, and g3 is a force per unit volume. There are four more
forces from the shear stresses,

. . .+ σ32(x +
δx

2
x̂2)(δx)2 − σ32(x−

δx

2
x̂2)(δx)2+

σ31(x +
δx

2
x̂1)(δx)2 − σ31(x−

δx

2
x̂1)(δx)2

If we Taylor expand the stress for small δx, we can write σ(x+ δx/2) '
σ(x) + (δσ/δx)δx/2. Recognizing the density as ρ = m/(δx)3, we then have

ρü3 =
∂σ31
∂x1

+
∂σ32
∂x2

+
∂σ33
∂x3

+ g3 (2.4)

Using dummy suffix notation, a repeated index j implies a sum over
j = 1 . . . 3; e.g. a dot product for two vectors u and v could be written ujvj .
The equilibrium for forces in x1 can then be written
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Figure 2.2: Differential element, forces in x3. (Two other tractions σ31 are
not shown.)

∂σ3j
∂xj

+ g3 = ρü3 (2.5)

and now, generalizing to a force in the direction xi,

ρüi =
∂σij
∂xj

+ gi (2.6)

For mechanical equilibrium,
. . . u = 0, so

0 =
∂σij
∂xj

+ gi (equilibrium) (2.7)

2.3.2 Torques

We can now consider the torques on the element. For a net torque about axis
xi, there will be an angular acceleration about that axis θ̈i, given through
the moment of inertia about that axis Ii,

τi = Iiθ̈i (2.8)

Only the shear tractions will give a torque; the normal tractions will not,
since those forces act through the center of the element. For torques about
axis x1,
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τ1 = I1θ̈1 (2.9)

we can write the moment of inertia of a cube with side length a, I =
ma2/6, and evaluate the torques. Here, in the Taylor expansion, the differ-
entials drop out:

(σ32 − σ23 +G1)(δx)3 = θ̈1
ρ

6
(δx)5 (2.10)

According to this equation, in the limit where δx → 0 (and δx is an
arbitrary choice, as long as it is small enough), if the left hand side is nonzero,
the angular acceleration will have to increase as (δx)−2. That cannot be
allowed, so in the general case of nonzero body torques,

σ32 − σ23 +G1 = 0

σ13 − σ31 +G2 = 0

σ21 − σ12 +G3 = 0

Body torques are present only in some very special cases. A hard fer-
romagnet experiences a body torque in a strong applied magnetic field H
as G = −µ0M ×H. However, this is quite rare, and we can write in the
absence of body torques,

σij = σji (2.11)

valid for Gi = 0, but general for any angular acceleration.

2.4 Stress matrix

We can then arrange the nine values of stress in a 3× 3 matrix form,

(σ) =

 σ11 σ12 σ13
σ21 σ22 σ23
σ31 σ32 σ33

 =

 σ11 σ12 σ13
σ12 σ22 σ23
σ13 σ23 σ33

 (2.12)

of which only six values are independent. The stress matrix is symmetric.
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Figure 2.3: Space elevator diagram, copied from Wikipedia.

Exercises

1. Consider a solid cylinder, radius R, length l, density ρ standing up
on its end, so that its total height (in x3) above the pavement is l.
Assume normal stresses only. Derive an expression for the stress in
the material as a function of x3, and plot σ33(x3). How tall can a solid
column of concrete (ρ = 2 g/cm3) be made before the maximum shear
stress exceeds the critical shear stress for fracture, τc = 10 MPa? Take
σ33 ∼ τmax at fracture. (Recall that the total forces exerted on the
body have to sum to zero.)

2. Consider a small sphere of NdFeB permanent magnet material in a
large, uniform, superconducting magnetic field of 10 T. If its magne-
tization M is initially orthogonal to the applied field µ0H when the
field is (instantaneously) turned on, does the sphere shatter? Take
τc = 50 MPa and µ0Ms = 0.5 T

3. There is a longstanding proposal for a space elevator, as pictured in
Figure 2.3. If a mass M can be attached to a long cable, length l,
and l � R, where R is the radius of the earth, gravity is less strong
than the centrifugal force, the cable might be supported. 1) Assume
that there is no counterweight (M = 0). For a cable density ρ, how
long does the cable need to be for it to stand up (i.e. all sections
in tension)? Estimate l/R for a density of ρ = 2 g/cm3, appropriate
for carbon fiber. 2) Plot the stress in the cable, and calculate the
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maximum stress.
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Chapter 3

Principal axes of the stress
tensor

We saw last time that the stress, σij , can be represented in matrix form as

[σ] =

 σ11 σ12 σ13
σ12 σ22 σ23
σ13 σ23 σ33

 (3.1)

where the symmetric property of the matrix shown,

σij = σji (3.2)

holds as long as no body torques are present (Gi = 0).

In this document, we will see how to choose cooordinate axes for the
(symmetric) stress such that it consists of normal stresses only. Mohr’s
circle gives a convenient, graphical method for this transformation in the
special case where one of the normal stress axes is already known.

3.1 Properties of tensors

I will review some basic properties of tensors, making reference to the stress.
The arguments are given in general form since we will encounter other ten-
sors in the mechanical properties of materials. For elasticity, the strain
tensor εij and the stiffness tensor cijkl are important. ’Smart’ mechanical
properties such as piezoelectric effects also require tensor representation.

The stress matrix is symmetric for the (nearly) general case of Gi = 0,
but apart from this restriction, the quantities σij can take any value. There
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are two properties which make the matrix (σ), itself just a collection of
stresses σij , a tensor [σ]:

• The tensor [σ] expresses a linear relationship between two quan-
tities. For the stress, the two quantities are force exerted across a
plane inside the medium, and the area of the plane in the medium.

• The tensor [σ] refers to a physical property which exists in space.
Thus if the spatial coordinate system changes,

x(old)→ x
′
(new) (3.3)

the stress tensor in the new coordinate system [σ
′
] represents the same

stress, so its components σ
′
ij have a definite relationship with the values

in the old representation σij .

3.1.1 Tensors express a linear relationship between two quan-
tities

Consider that we have two physical quantities p and q. The quantities can
each be (0-D) scalars p or q, (1-D) vectors p or q, (2-D) square matrices
(p) or (q), or on to N -dimensional square arrays. A tensor [T ] expresses a
linear relationship between the two,

p = [T ]q (3.4)

so that p can be a proportional response to a stimulus q.
Generally, the dimension of p has to be equal to the dimension of [T ]

reduced by the dimension of q. If [T ] is a matrix (2D), and q is a column
vector (1D), p is a column vector (1D).

The classic example for a 2D (or second rank) tensor property is elec-
trical conductivity, which relates two vectors, current density J and applied
electric field E  J1

J2
J3

 =

 σ11 σ21 σ31
σ21 σ22 σ32
σ31 σ32 σ33

 E1

E2

E3

 (3.5)

also asserted here to be symmetric (σij = σji, but σ in this context is
electrical conductivity in Ω−1m−1). Taking an individual component of the
matrix multiplication, for the current along x1, J1 = σ11E1+σ12E2+σ13E3.
For something like graphite, which has a very high conductivity in the basal
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plane but a very low conductivity normal to the basal planes, the current
depends very strongly on the direction of the applied field E; taking x3 as
the plane-normal direction, σ33 is very small, for example. The electric field
E is the stimulus and the current density is the response J.

This same matrix multiplication can be expressed in dummy suffix no-
tation as

Ji = σijEj (3.6)

where the repeated index j refers to a sum over j = 1..3. This notation
has several advantages: it is compact, it does not make recourse to special
fonts, and it shows explicitly the dimension of each of the quantities through
the number of suffixes. The rank of a tensor is its dimension, so a scalar
has rank 0, a vector pi has rank 1, a matrix Aij has rank 2, etc.

Both third-rank and fourth-rank tensors exist and describe physical be-
havior. The piezoelectric effect, relating electrical polarization P to an ap-
plied stress [σ], is described through a third-rank tensor d, through

Pi = dijk σjk (3.7)

where dijk has 33 or 27 components. Elastic compliance, relating stress
ε and strain σ, is described through the fourth-rank tensor σ,

εij = sijkl σkl (3.8)

where sijkl has 34 = 81 components. For both d and s, the total number
of independent components is reduced by crystal symmetry.

In all cases, for each component, there is a simple proportionality be-
tween each element of the response p and the stimulus q.

Linear relationship expressed by [σ] Consider a differential element
at a given location inside a medium under stress. We would like to know
how much force F is exerted across the surface area of this element, if it
has surface area δA = dSn̂, where n̂ is the surface normal and dS is the
differential area. For the sign convention, the force is positive if the force
is exerted by the material on the positive n̂ side on the material on the
negative n̂ side. Under these conditions, in vector form, we have F = (σ)A,
or

Fi = σijnj dS (3.9)
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3.1.2 Rules for coordinate transformations

Forward transformation: matrix (a) (’old’ to ’new.’)

We can define a matrix (a) for a transformation between two coordinate sys-
tems. Let x denote the unit vectors x̂1, x̂2, x̂3, which form the (orthonormal,
unit vector) basis of the ’old’ coordinate system, with x̂i · x̂j = δij .

1 Let x
′

denote the unit vectors for the ’new’ coordinate system,x̂1
′
, x̂2

′
, x̂3

′
. If we

take a vector p in the ’old’ basis, it is

p = p1x̂1 + p2x̂2 + p3x̂3 (3.10)

which we refer to as pi. In the ’new’ basis, it is

p
′

= p
′
1x̂1

′
+ p

′
2x̂2

′
+ p

′
3x̂3

′
(3.11)

which we refer to as p
′
i. However, if the vector is a physical quantity, it

exists in space independent of our definition of a coordinate system, so it
must be the case that p = p

′
.

We can set up a matrix of cosine angles, (a), where the element aij is

the cosine of the angle between new axis x̂
′
i and old axis x̂j. In other words

aij = x̂
′
i · x̂j (3.12)

The vector in the old representation projects onto the vector in the new
representation as

 p
′
1

p
′
2

p
′
3

 =

 a11 a12 a13
a21 a22 a23
a31 a32 a33

 p1
p2
p3

 (3.13)

or in dummy suffix notation,

p
′
i = aijpj (3.14)

Where for the forward transformation, the indices are close together.

1δij is the Kroenicker delta, δij = 0 for i 6= j, δij = 1 for i = j.
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Figure 3.1: Illustration of a coordinate transformation by a single rotation
of θ3 about x̂3

Single rotation

For a single rotation, e.g. about x̂3 by θ3, the new coordinates are given by p
′
1

p
′
2

p
′
3

 =

 cos θ3 sin θ3 0
− sin θ3 cos θ3 0

0 0 1

 p1
p2
p3

 single rotation (3.15)

This form can be recognized by inspection of Figure 3.1; a12 = sin θ is
just the projection of new axis x̂1

′
onto old axis x̂2 Here, in this special

case, the transformation matrix aij is antisymmetric, aij = −aji.

Example Consider a rotation θ3 = π/4, and vector p = 10x̂1+5x̂2. What
is p

′
? The transformation matrix is

 p
′
1

p
′
2

p
′
3

 =
1√
2

 1 1 0
−1 1 0
0 0 1

 10
5
0

 p
′

=
1√
2

[15,−5] (3.16)

Arbitrary transform

In the most general case, x
′
, and aij , are completely defined through three

rotations of the ’old’ coordinate system. Take x̂′ to be coincident with x̂ at
first, then rotate x

′
by θ1 (right hand sense) about the old axis x̂1, preserving

x̂1 = x̂1
′
, then by θ2 about x̂2, then θ3 about x̂3.

However, if we examine an arbitrary sequence of rotations, θ1, θ2, θ3,
three matrix multiplications,
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 p
′
1

p
′
2

p
′
3

 =

 cos θ3 sin θ3 0
− sin θ3 cos θ3 0

0 0 1

 cos θ2 0 sin θ2
0 1 0

− sin θ2 0 cos θ2


 1 0 0

0 cos θ1 sin θ1
0 − sin θ1 cos θ1

 p1
p2
p3


define the matrix a. The result for (a) is, after some evaluation,

(a) = cos θ2 cos θ3 − sin θ1 sin θ2 cos θ3 + sin θ1 sin θ3 cos θ1 sin θ2 cos θ3 + sin θ1 sin θ3
− cos θ2 sin θ3 sin θ1 sin θ2 sin θ3 + cos θ1 cos θ3 − cos θ1 sin θ2 sin θ3 + sin θ1 cos θ3
− sin θ2 − sin θ1 cos θ2 cos θ1 cos θ2


a form which is not to be memorized or used much. Notice however

that there is no (anti)symmetric property of the matrix (a); aij 6= ±aji. The

projection of the new axis x̂i
′
onto the old axis x̂j has no general relationship

with the projection of the new axis x̂j
′

onto the old axis x̂i.

Orthonormality properties of (a)

The transformation matrix (a) has some properties which constrain the val-
ues of aij . Clearly, since (a) is completely defined through three angles θi,
the nine values aij must be related through six equations, reducing the free
parameters to three. This can be seen by noticing that any two unit vectors
in the old representation, x̂i and x̂j, form an orthonormal pair. We can
then take unit vectors in the old representation, p = [1, 0, 0], p = [0, 1, 0],
p = [0, 0, 1], and transform them:

p
′
i = aikpk p

′
j = ajlpl (3.17)

For unit vectors in x̂k and x̂l, respectively, each cartesian component
p
′
i, p
′
j has one term

p
′
i = aik p

′
j = ajl (3.18)

where there is no implied sum on the right hand side; k and l are single-
valued. To express the dot product of the two vectors in dummy suffix
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notation, there must be a repeated index on the left hand side, so we convert
j → i for p

′
j . (j is a free index so this is allowed.)

p
′
ip
′
i = aikail (3.19)

Two cases need to be considered for k, l. If k = l, the dot product of
p
′
i with itself must be 1.2. Thus for k = l, aikail = 1, ai1ai1 = 1, ai2ai2 =

1, ai3ai3 = 1, or

a211 + a221 + a231 = 1 (3.20)

a212 + a222 + a232 = 1 (3.21)

a213 + a223 + a233 = 1 (3.22)

Alternatively, if k 6= l, the dot product aikail = 0, so these cases include
ai1ai2 = 0,ai2ai3 = 0,ai3ai1 = 0, or

a11a12 + a21a22 + a31a32 = 0 (3.23)

a12a13 + a22a23 + a32a33 = 0 (3.24)

a13a11 + a23a21 + a33a31 = 0 (3.25)

Reverse tranformation (’new’ to ’old’)

The orthonormality relations make finding the reverse transformation rel-
atively simple. If we express the coordinate transformation as a matrix
multiplication (a), with p

′
= (a)p, we would like to know the reverse trans-

formation matrix (b), p = (b)p
′
.

It must be true that (b)(a) = (I), where (I) is the identity matrix
(Iij = δij). This implies that (b) = (a)−1, (b) is the inverse matrix of
(a). Because of the orthonormality conditions described in Section 3.1.2,
the inverse matrix can be found through the transpose of (a): bij = aji.
Verifying this is left as an exercise. Thus

p = (a)Tp
′

(3.26)

or in dummy suffix notation,

pi = aji p
′
j (3.27)

2Caution: substituting k = l in this term would be misleading, since there can be no
implied sum over k or l, each being single-valued
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Notice that the indices are far apart in the new → old transformation.

Eq. 3.27 is very easy to understand from the definition of the coordinate
transformation matrix. The element aij is defined such that it is the cosine

of the angle between new axis x̂i
′

and old axis x̂j. In Eq 3.27, we swapped
indices: the left hand side indexes the old axis by j and the right hand side
indexes the new axis by i.

3.1.3 Coordinate transformations for tensors

We can transform vector coordinates from ’old’ to ’new’ representations
through

p
′
i = aikpk (3.28)

However, rewriting the definition of a tensor from Eq 3.4, for a second-
rank tensor, in dummy-suffix notation,

pk = Tklql (3.29)

The repeated (dummy) suffix can take any name, and the free suffixes
on left and right hand sides need to match. Also, the old representation for
qj can be transformed into the new through ql = ajlq

′
j , so

p
′
i = aikTklajlq

′
j (3.30)

In the dummy suffix notation, each term is a product, summed over
repeated indices, so the positions can be interchanged on the right hand
side

p
′
i = aikajlTklq

′
j (3.31)

Thus the tensor T
′
ij , defined in the new coordinate system through p

′
i =

T
′
ijq
′
j , is (going from ’old’ to ’new’)

T
′
ij = aikajlTkl (3.32)

and to go from ’new’ to ’old’,

Tij = akialjT
′
kl (3.33)

where the indices in a are simply reversed.
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Rank Description ’old’ → ’new’ (forward) ’new’ → ’old’ (reverse)

1 vector p
′
i = aijpj pi = ajip

′
j

2 second-rank tensor T
′
ij = aikajlTkl Tij = akialjT

′
kl

3 third-rank tensor T
′
ijk = ailajmaknTlmn Tijk = aliamjankT

′
lmn

4 fourth-rank tensor T
′
ijkl = aimajnakoalpTmnop Tijkl = amianjaokaplT

′
mnop

Table 3.1: Coordinate transformation rules, tensors of rank 1-4.

The same process, already shown for first-rank tensors (vectors) and
shown here for second-rank tensors, can be extended to third and fourth-
rank tensors straightforwardly. The transformation rules for tensors of rank
one to four are tabulated in Table 3.1. Note that in all cases, the reverse
transformation has reversed indices aij → aji compared with the forward
transformation.

Example: simple transformation of [σ] Let’s take a classic example for
the transformation of a stress tensor with only biaxial shear, τ = σ12 = σ21:

[σ] =

 0 τ 0
τ 0 0
0 0 0

 (3.34)

If we choose new axes which are rotated about x̂3 by θ3 = π/4, what
stress results on those axes? We previously found for (a)

(a) =

 a11 a12 a13
a21 a22 a23
a31 a32 a33

 =
1√
2

 1 1 0
−1 1 0
0 0 1

 (3.35)

So σ
′
ij = aikajlσkl has only two terms, for σ12 and σ21:

σ
′
ij = ai1aj2σ12 + ai2aj1σ21 (3.36)

[σ]
′

=

 τ 0 0
0 −τ 0
0 0 0

 (3.37)
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3.1.4 Representation of the stress tensor as a surface

A graphical respresentation is helpful for finding the principal axes of the
stress tensor [σ]. Any symmetric, second-rank tensor [T ] can be represented
as a three-dimensional surface, defined through

Tijxixj = 1 (3.38)

This compact expression includes a double sum over i and j, with nine
terms. We will switch our discussion from a general [T ] to [σ], but all that
follows is true for any symmetric tensor

σ11x
2
1 + σ22x

2
2 + σ33x

2
3 + 2σ12x1x2 + 2σ23x2x3 + 2σ31x3x1 = 1 (3.39)

where we made use of the symmetry of σ, σij = σji. Proof can be seen
by transforming the axes of xi and xj :

σijakix
′
kaljx

′
l = 1 (3.40)

and changing the indices

akialjσkl x
′
ix
′
j = 1 (3.41)

we can see that the transformed quantity σ
′
ij = akialjσkl is consistent

with the definition of a tensor in Eq 3.32.

Two-dimensional example Taking a two-dimensional σij , with σi3 =
σ3i = 0, the surface in Eq 3.39 takes a simpler form,

σ11 x
2
1 + 2σ12 x1x2 + σ22 x

2
2 = 1 (3.42)

The normal to the surface can be found from the gradient of the surface
function (a scalar):

n̂ = ∇
(
σ11 x

2
1 + 2σ12 x1x2 + σ22 x

2
2

)
(3.43)

This evaluates to

n̂ = (2σ11 x1 + 2σ12x2) x̂1 + (2σ21 x1 + 2σ22x2) x̂2 (3.44)

More compactly

ni = σijxj (3.45)
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Figure 3.2: Surface representation of a two-dimensional stress. Note that in
the ’old’ representation x̂, the surface normal n̂, indicating the direction of
force F, is not parallel to the coordinate axes. Along ’new’ principal axes
x̂
′
, the surface normal n̂ and force are parallel to the coordinate axes.

where ni can be recognized from Eq 3.9 as the direction of the force
exerted across the surface of a differential area element.

3.2 Finding principal axes

3.2.1 Three-dimensional stress tensor

If the force exerted is parallel to the axis x
′
i, the axis experiences only normal

forces, and is a principal axis for the stress tensor. Graphically, then, the

principal axes x̂′ are normal to the stress surface, or parallel to n̂ as is
illustrated in Figure 3.2. The condition illustrated for two dimensions in
Figure 3.2 holds just as well for three dimensions. The graphical condition
can be expressed in matrix form as σ11 σ12 σ13

σ12 σ22 σ23
σ13 σ23 σ33

 x1
x2
x3

 = λ

 x1
x2
x3

 (3.46)

or  σ11 − λ σ12 σ13
σ12 σ22 − λ σ23
σ13 σ23 σ33 − λ

 x1
x2
x3

 = 0 (3.47)
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This is an eigenvalue equation for the tensor (σ) in the ’old’ representation.
It has solutions for λ where the determinant of the matrix (σ)−λ(I), where
I is the identity matrix, is zero, or∣∣∣∣∣∣

σ11 − λ σ12 σ13
σ12 σ22 − λ σ23
σ13 σ23 σ33 − λ

∣∣∣∣∣∣ = 0 (3.48)

Backsubstitution of the three eigenvalues of λ1, λ2, λ3 determined this
way into Eq 3.47 yield three eigenvectors X1,X2,X3. These vectors are the
principal axes.

3.2.2 Single rotation: Mohr’s circle

In cases where one of the principal axes is already known, X3 can be taken
along x̂3, and the whole problem of finding the other two principal axes is a
question of finding θ3, the rotation of x

′
about x̂3. If we know the stresses

σ11, σ22, σ12 = σ21, how can we find θ3?

We seek θ3 such that σ
′
ij has only diagonal components.

[σ]
′

=

 σ1 0 0
0 σ2 0
0 0 σ3

 (3.49)

The transformation matrix (a) for a single rotation θ3 has already been
written in Section 3.1.2 and illustrated in Figure 3.1. We are interested in
the reverse transformation. Using Eq 3.33,

σij = akialjσ
′
kl (3.50)

notice again that the indices are far away from each other in the reverse
transformation (’new’ to ’old’.) We have a11 = a22 = cos θ3, a12 = sin θ3,
a21 = − sin θ3, and a33 = 1, all other aij = 0. We can designate principal
stresses as σ1, σ2, σ3, so we can evaluate

σ11 = ak1al1σ
′
kl (3.51)

σ22 = ak2al2σ
′
kl (3.52)

σ12 = ak1al2σ
′
kl (3.53)

simplified because σ
′
ij has only diagonal components. Expanding the

dummy suffix sums,
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Figure 3.3: Mohr’s circle representation of a biaxial stress. Point C gives
(σ1 + σ2)/2; length R gives (σ1 − σ2)/2.

σ11 = a11a11σ1 + a21a21σ2 (3.54)

σ22 = a12a12σ1 + a22a22σ2 (3.55)

σ12 = a11a12σ1 + a21a22σ2 (3.56)

Note that there is no point in evaluating σ21 since a symmetric tensor is
also symmetric on transformation. Substituting in for aij ,

σ11 = cos2 θ3σ1 + sin2 θ3σ2 (3.57)

σ22 = sin2 θ3σ1 + cos2 θ3σ2 (3.58)

σ12 = sin θ3 cos θ3σ1 − sin θ3 cos θ3σ2 (3.59)

Through the use of the half-angle formulae, sin2 θ = (1− cos 2θ) /2,
cos2 θ = (1 + cos 2θ) /2

σ11 =

(
σ1 + σ2

2

)
+

(
σ1 − σ2

2

)
cos 2θ3 (3.60)

σ22 =

(
σ1 + σ2

2

)
−
(
σ1 − σ2

2

)
cos 2θ3 (3.61)

σ12 =

(
σ1 − σ2

2

)
sin 2θ3 (3.62)
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Eqs. 3.62 define a circle in the σiiσ12 plane. The origin of the circle is on
the σii axis at the average of σ1 and σ2. The radius of the circle is given by
the difference, (σ1− σ2)/2. The shear stress is given by the y coordinate on
the circle at a rotation of 2θ3, σ11 is given by the x coordinate at a rotation
of 2θ3, and σ22 is given by the x coordinate at a rotation of 2θ3 + π.

The angle θ3 can be found by summing the first two relations and divid-
ing into the third:

tan 2θ3 =
2σ12

σ11 − σ22
(3.63)

This is the (right-hand) angle through which the coordinate system must
be rotated about x̂3 to find the principal axes in the x̂1x̂2 plane. The
magnitudes of the principal stresses are found by taking the square of the
difference of the first two relations, and summing with the square of the
third

R =

(
σ1 − σ2

2

)
=

√
σ212 +

(
σ11 − σ22

2

)2

(3.64)

which forms the radius of the circle R. Combined with the sum of the
first two cos 2θ3 relations,

C =

(
σ1 + σ2

2

)
=

(
σ11 + σ22

2

)
(3.65)

This gives a complete solution for the principal stresses:

σ1 = C +R σ2 = C −R (3.66)

Utility: The construction allows one to determine graphically the angle
through which the coordinate system needs to be rotated to find principal
axes, as shown in Figure 3.3. On a piece of graph paper, with a ruler, draw
a horizontal line, parallel to the x−axis, with y-intercept of σ12. Next, draw
two vertical lines, parallel to the y−axis, with x−intercept of σ11 and σ22.
The midpoint defined between these two intercepts on the x−axis is C; from
C, draw a line to the intersection of the σ12 and σ11 lines. This defines R.
Then use a compass to draw a circle (with radius R from point C) and a
protractor to measure the angle.

Remember that the coordinate system needs to be rotated back (i.e.,
left-handed about x̂3, through −θ3) to find the principal axes since we are
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rotating from ’new’ (principal) to ’old’ (arbitrary) and using the a-matrix
defined in Eq 3.15.

The Mohr’s circle construction is not as useful a computational tool
now as it may have been in the days of the slide rule. One can use the
’arctan’ function on a calculator or programming language to evaluate Eq
3.63 directly for the angle θ3, and/or Eq 3.66 for the principal stresses σ1, σ2.
Nevertheless, Mohr’s circle helps us visualize how normal and shear stresses
vary as the coordinate system is rotated away from the principal axes.

Simple examples

• Uniaxial stress: σ11 = σ, σ22 = 0, σ12 = 0. C = σ/2; R = σ/2. The
points lie on the σii axis, so no rotation is needed to find the principal
axes; θ3 = 0.

• Hydrostatic stress: σ11 = σ22 = −P . What is the radius R of the
circle? How can you rotate the axes to get shear components? (A: you
cannot; the stress state is hydrostatic for all rotations.)

• Pure shear: σ12 = τ , σ11 = σ22 = 0. What is C? When you rotate
by θ3 = π/4, what happens?

Exercises

1. For a solid cylinder under uniaxial normal stress along x2, σ22 = σ

(a) Find the shear stress σαβ for orthonormal (α, β, x3) and α, β ro-
tated by θ3 about x3 with respect to x1, x2.

(b) Find the shear stress σαβ for a general rotation θ, and show that
it is maximum for θ = π/4.

2. Consider the following biaxial stress state: σ11 = 300 MPa, σ22 =
100 MPa, σ12 = 100 MPa, with α,β axes defined as before

(a) Determine the rotation θ3 such that α, β are principal axes

(b) Determine the principal stresses σαα, σββ

(c) Determine the θ3 for maximum in-plane shear and the magnitude
of the maximum σαβ
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3. Take the following stress tensor:

[σ] =

 0 σ12 0
σ12 σ22 σ23
0 σ23 0

 (3.67)

Note that no principal stress axis is known a priori.

(a) Write an expression for the principal stresses. How many nonzero
principal stresses are there?

(b) Verify that the dilation ∆ is invariant on transforming to the
principal axes.

(c) Solve the principal stresses for σ22 = 200 MPa, σ12 = σ23 =√
2 · 100 MPa ∼ 141 MPa

(d) Determine the principal axes. If there is plane stress in the trans-
formed coordinates, determine the normal to the plane.



Chapter 4

Strain tensor

We represented the stress σij as a tensor [σ] last time. We know that stress
σ and strain ε are closely related. It is plausible that a tensor representation
of σ, [σ], is coming next. Here it is:

[ε] =

 ε11 ε12 ε13
ε21 ε22 ε23
ε31 ε32 ε33

 (4.1)

For the moment, I will not say anything about the symmetry of this
tensor; we will try to figure out what sort of form it should have.

4.1 Definitions of strain

We can first consider strain in one dimension in a continuous medium, then
move on to the discussion of two and three dimensions. For macroscopic,
uniform strain, we often say

ε =
∆l

l0
(4.2)

where ∆l is the elongation of the body under uniaxial stress and l0 is
its initial length, before the application of the stress. However, we need a
more detailed description to consider nonuniform strains in one dimension,
and multiaxial and shear strains in two and three dimensions. The quantity
which we would like to consider is the displacement vector u.

Displacement vector The displacement vector u (or ui) connects, for
any point P in the material with coordinates pi, the position of the atoms

55
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Figure 4.1: Illustration of a uniaxial strain on a wire. See text for details.

surrounding point P before the deformation with the position of those same
atoms after the deformation.

4.1.1 One-dimensional strain

Imagine that we have two points, marked P and Q, on an elastic string
under just enough tension to hold it straight, as illustrated in Fig 4.1. The
points are some distance away from the end of the string, which is held fixed.
Point P is distance x1 away from the clamped end; point Q is a distance
x1 + δx1, where δx1 � x1.

Next, we exert enough force on the free end to start to stretch the string
out. Points P and Q will move to points P

′
and Q

′
, respectively. The free

end of the string will move by ∆l, as in Eq 4.2, but the rest of the string
will move less. The displacement u1(x1) will vary from zero, at the clamped
end, to ∆l, at the free end. We can then define a continuum analog of Eq
4.2 for the differential element between P and Q as

ε1(x1) =
P ′Q′ − PQ

PQ
(4.3)

If the displacement u1(x1) is known, we can evaluate Eq 4.3 as

ε1(x1) =
u(x1 + δx1)− u(x1)

δx1
(4.4)

ε1(x1) =
∂u1(x1)

∂x1
(4.5)

One thing to see in this expression is that rigid translations of the string
do not cause any strain to develop: if displacement is uniform and u(x) has
no gradient at a point, no strain exists at that point. Additionally, nothing
in this expression says that strain needs to be uniform in the string – if
for example the cross-sectional area of the string varies (such that stress σ
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Figure 4.2: Illustration of a two-dimensional strain on a sheet. See text for
details.

varies) or the elastic modulus of the string varies over x, the strain can vary.
We can then define the point strain according to Eq 4.5,

e11 =
∂u1
∂x1

(4.6)

4.1.2 Two-dimensional strain

We can extend the above discussion to an elastic sheet in two dimensions, as
illustrated in Figure 4.2. Here we allow points P and Q to sit at points x0

and x0 + δx, respectively, before the deformation. After the deformation,
points P

′
and Q

′
have each undergone a vector displacement, u for point

P → P
′
, and u + δu for point Q→ Q

′
.

The infinitesimal strain in two dimensions can be defined exactly the
same as in Eq 4.3. Here, we have

PQ = |δx|=
√

(δx1)2 + (δx2)2 (4.7)

P ′Q′ = |δu + δx|=
√

(δx1 + δu1)2 + (δx2 + δu2)2 (4.8)

We always consider small displacements, so the quantity under the rad-
ical in P ′Q′ can be expanded, neglecting terms of order δu2i .

P ′Q′ = |δu + δx|=
√
|δx|2+2 (δu1δx1 + δu2δx2) (4.9)

Making use of
√
a2 + x ' a+ x/2a for small x,
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P ′Q′ − PQ = |δx|−1(δu1δx1 + δu2δx2) (4.10)

Here it is important to consider both cross-derivatives of for u1 and u2:

δu1 =
∂u1
∂x1

δx1 +
∂u1
∂x2

δx2 (4.11)

δu2 =
∂u2
∂x1

δx1 +
∂u2
∂x2

δx2 (4.12)

Defining, as before

eij =
∂ui
∂xj

(4.13)

these expressions can be rewritten as

δu1 = e11δx1 + e12δx2 (4.14)

δu2 = e21δx1 + e22δx2 (4.15)

which substituted in Eq 4.10 and Eq 4.3 become

ε = |δx|−2
[
e11(δx1)

2 + e22(δx2)
2 + (e12 + e21) δx1δx2

]
(4.16)

There is something important to notice in the last term of this expres-
sion. For arbitrary e12 and e21, it would be possible to express a tensor [e]
or eij through the sum of two tensors, one which is symmetric, eij = eji, and
one which is antisymmetric eij = −eji. Only symmetric shear strains
contribute to the elongation and the point strain. It is clear that anti-
symmetric terms would give no contribution to ε.

Antisymmetric terms are a rotation To see why, think about the
transformation of point P → P

′
and Q → Q

′
through an infinitesimal

rotation about the origin (or x̂3 axis) by an angle φ. The displacement for
the first case would be given through the matrix[

u1
u2

]
=

[
0 −φ
φ 0

] [
x1
x2

]
P → P

′
(4.17)

and for the second case,

[
u1 + δu1
u2 + δu2

]
=

[
0 −φ
φ 0

] [
x1 + δx1
x2 + δx2

]
Q→ Q

′
(4.18)
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such that taking the difference of the two matrices gives us[
δu1
δu2

]
=

[
0 −φ
φ 0

] [
δx1
δx2

]
(4.19)

Here we can recognize the cross-derivatives for the displacement vectors
in the matrix

e12 =
∂u1
∂x2

= −φ e21 =
∂u2
∂x1

= φ (4.20)

Here we can see that the introduction of an infinitesimal rotation φ gave
us an antisymmetric shear, e12 = −e21. This rotation did nothing to change
the positions of the points P and Q relative to each other, so no strain was
built up in the transformation. Asymmetric [e] tensors do not contribute to
strain. The extension to three dimensions is straightforward.

4.1.3 Symmetrizing the strain tensor

To define a strain tensor, we need to remove the antsymmetric portion. It
is relatively easy to do so by defining the strain tensor εij from the eij as

εij =
1

2
(eij + eji) (4.21)

εij is the tensor strain. More explicitly, in two dimensions, this is

[ε] =

[
ε11 ε12
ε21 ε22

]
=

[
e11

1
2 (e12 + e21)

1
2 (e12 + e21) e22

]
(4.22)

and three dimensions

[ε] =

 ε11 ε12 ε13
ε21 ε22 ε23
ε31 ε32 ε33

 =

 e11
1
2 (e12 + e21)

1
2 (e13 + e31)

1
2 (e12 + e21) e22

1
2 (e23 + e32)

1
2 (e13 + e31)

1
2 (e23 + e32) e33


(4.23)

Note that in this new definition, if the body is under two-dimensional
shear strain, the angle formed between each axis and the side of the body is
now one half ε12.



60 CHAPTER 4. STRAIN TENSOR

4.1.4 Tensor shear strain and (engineering) shear strain

Very often, the strain tensor is written

[ε] =

 εx γxy/2 γxz/2
γxy/2 εy γyz/2
γxz/2 γyz/2 εz

 (4.24)

In terms of engineering strains, about which we will say more soon.

The normal components of engineering strains εx, εx, εx are the same as
the tensor strains ε11, ε22, ε33. The shear components differ by a factor of
two, e.g.

γxz = 2ε13 (4.25)

such that γxz is the angle through which the vertical face of a cube (with
normal x̂) rotates if the horizontal face (with normal ẑ) remains flat on a
table.

Antisymmetric tensor [wij ] The antisymmetric part of the [e] tensor
also has meaning. Analogously with the symmetric portion, the antisym-
metric portion can be found through

wij ≡
1

2
(eij − eji) (4.26)

where wij = −wji by definition. In three dimensions,

[w] =

 w11 w12 w13

w21 w22 w23

w31 w32 w33

 =

 0 1
2 (e12 − e21) 1

2 (e13 − e31)
1
2 (e12 − e21) 0 1

2 (e23 + e32)
1
2 (e13 − e31) 1

2 (e23 − e32) 0


(4.27)

As we saw for a simple rotation about x̂3, [w] corresponds to a rotation.
Generalizing the small-angle rotation matrix shown about x̂3, we can take
a small-angle rotation about an arbitrary vector û or ui, by a right-handed
rotation φ. w can be expressed

[w] =

 0 −u3φ u2φ
u3φ 0 −u1φ
−u2φ u1φ 0

 (4.28)

which reduces to the form shown earlier if u1 = u2 = 0, u3 = 1.
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4.1.5 Dilation

Because the strain [ε] is a symmetric second-rank tensor, just like the stress
[σ], it can be transformed to principal axes. Along the principal axes, there
are only normal strains εii, indexed as εi.

[ε] =

 ε11 ε12 ε13
ε21 ε22 ε23
ε31 ε32 ε33

→
 ε1 0 0

0 ε2 0
0 0 ε3

 (4.29)

Even though all strains are normal along the principal strain axes, there
can still be a rotation of the system, specified independently through [w]. It
is simple to calculate the change in volume for a system, given the principal
strains εi. If the strain is homogeneous, lengths L1, L2, L3 (Li) will change
by an amount ∆L1 = L1ε1, ∆L2 = L2ε2, ∆L3 = L3ε3 (∆Li = Liεi). The
relative change in volume, normalized to the volume, is

∆ ≡ δV

V
=
V
′ − V0
V0

=
(1 + ε1)(1 + ε2)(1 + ε3)L1L2L3 − L1L2L3

L1L2L3
(4.30)

Since the strains εi are small, powers of ε2 and ε3 can be neglected, so

∆ = ε1 + ε2 + ε3 (4.31)

Dilation is invariant There is a useful property of tensors which can
help us calculate ∆. In a coordinate transformation, some properties of
tensors (invariants) do not change. The sum of the diagonal components is
an invariant. It is then always possible to find the dilation through

∆ = ε1 + ε2 + ε3 (principal axes) = ε11 + ε22 + ε33 (arbitrary axes) (4.32)

Exercises

1. To monitor strain, it is possible to use optical marks (fiducials) and
keep track of them in a microscope during an experiment. Imagine
that there are two fiducials A,B, separated in x and y by 1 cm. On
heating a plate from 300 K to 400 K, fiducial A moves in (x,y) by (10,
20) in µm; fiducial B moves by (15,40) in µm. Assuming that the
strain is uniform in the plate, calculate
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• Drift (total displacement) of the plate

• Rotation of the plate

• The tensor strain

• The thermal expansion coefficient α, neglecting any strain normal
to the surface.



Chapter 5

Elasticity and
thermodynamics

In this chapter, we will introduce elasticity and elastic moduli, and see
what elasticity has to do with thermodynamic quantities. We will focus on
isotropic elasticity and consider anisotropy later on.

5.1 Isotropic elasticity

If the properties of a sample have no dependence on direction with respect
to the sample axes, the properties are isotropic. Properties with a direc-
tional dependence are ansiotropic. Physical anisotropy always relates to a
microscopic anisotropy, an arrangement of atoms which is different in dif-
ferent directions, so glassy materials must be isotropic. Randomly-oriented
polycrystalline samples of crystalline materials will also be isotropic, if the
properties are averaged over scales larger than the grain size; we will return
to this question in Section 6.7.

5.1.1 Parameters defining isotropic elasticity

There are six quantities used to describe isotropic elasticity. Out of the six
quantities, only two are independent; any two can be used to determine the
other four. This usually involves the choice of a relevant stress or strain
state in which many terms drop out. The equivalences are tabulated in
textbooks, e.g. Elasticity: theory, applications, and numerics by M. Saad,
p. 85 (available as an e-book here.)
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1. Young’s modulus E In linear elasticity, uniaxial stress σ and strain
ε are related through the Young’s modulus E,

σ11 = Eε11 (5.1)

if the stress σ is uniaxial: σij = σ11. This stress state can be brought
about by applying a stress along one axis (aligned with x̂1) and keeping
the other surfaces traction-free. The strain εij will not be uniaxial, in
general, under uniaxial stress.

The Young’s modulus is always positive, and the maximum known
value is for diamond, E = 1035 GPa. E has units of Pa.

2. Poisson ratio ν If a uniaxial stress σ11 is imposed on a solid, two
orthogonal principal strains with opposite sign will also develop, given
by the Poisson ratio ν,

ε22 = ε33 = −νε11 (5.2)

or

ν = −ε22
ε11

(5.3)

If the imposed strain is tensile (ε11 > 0), there is a Poisson contraction
(ε22, ε33 < 0); if the imposed strain is compressive (ε11 < 0), there is a
Poisson expansion (ε22, ε33 > 0). Clearly ν is dimensionless.

There are restrictions on the Poisson ratio. From thermodynamic
principles,

− 1 ≤ ν ≤ 0.5 (5.4)

These limits are imposed by the bulk compressibility K and shear
modulus µ, which must always be positive. It is always true that
ν < 0.5. A material with ν = 0.5 is incompressible and a material
with ν > 0.5 would expand spontaneously. Most materials have 0.2 ≤
ν ≤ 0.4. A special case of ν = 0 is cork, which makes it ideal for
sealing wine bottles. (Incompressible rubber, ν = 0.5, does not work
at all since it expands outwards and jams when you try to push it in.)
This is the only value of ν for which volume is conserved – there is
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Figure 5.1: Idealization of an isotropic auxetic material, ν < 0, taken from
[1].

no general requirement of conservation of volume for a material under
stress.

There is no restriction that ν needs to be positive. Negative effective
values of ν can be seen in anisotropic materials, as will be seen. Auxetic
materials have a negative Poisson ratio: they expand in the direction
transverse to uniaxial tensile stresss. This effect was first discovered
in certain types of isotropic polymer foams in the late 1980s[1] and
was understood as the unfolding of some structural links, as pictured
in Figure 5.1.

Equivalences : If we choose (E, ν) as the basis, we can express all
other elastic constants (shear modulus µ or G, bulk modulus K, Lamé
coefficient λ, p-wave modulus M) in their terms. The choice of basis
is arbitrary; we could equivalently choose (λ,G) or any other two of
the six.

3. Compressibility β or bulk modulus K

If we exert a hydrostatic stress −P = σ11 = σ22 = σ33 on the sample,
the bulk compressibility β (also denoted as K−1) is defined as

β ≡ − 1

V

(
∂V

∂P

)
T

(5.5)
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Recalling the dilation,

∆ = ε11 + ε22 + ε33 (5.6)

which is invariant on coordinate transformations of the strain tensor,
we can also express β as

β ≡ −
(
∂∆

∂P

)
T

(5.7)

∆ = ε1 + ε2 + ε3 =
σ11
E

(1− 2ν) (5.8)

so that for an incompressible solid, with no change in volume for uni-
axial stress, ν = 0.5.

. . . in terms of E, ν Next imagine a sample under hydrostatic stress,
σ1 = σ2 = σ3 = −P . (The sign convention on P is such that positive
work is done on the sample, increasing its energy, for positive pressure
P : δW = −PdV , and dV < 0 in compression.) All the components
are equal, and we have

∆ = ε1 + ε2 + ε3 = −3P

E
(1− 2ν) (5.9)

so the sample shrinks on compression with P > 0. The ratio δ∆/δP
is known as the bulk compressibility in thermodynamics,

β ≡ − 1

V

(
∂V

∂P

)
T

=
3

E
(1− 2ν) (5.10)

and β > 0. The thermal expansion α and compressibility β are impor-
tant quantities in thermodynamic calculations; with the heat capacity
Cp and density V −1, they can be used to calculate most thermody-
namic quantities of a given material.

The bulk modulus K is just the inverse of the compressibility β:

K ≡ 1

β
=

E

3 (1− 2ν)
(5.11)



5.1. ISOTROPIC ELASTICITY 67

where the units are the same as those of the Young’s modulus (Pa).
As ν approaches 0.5, the material becomes more and more difficult
to compress under hydrostatic stress. The compressibility must be
positive to obey the second law of thermodynamics (otherwise a system
can spontaneously do work on the surroundings without generation of
heat), so it is always true that ν ≤ 0.5.

4. Shear modulus µ (G) The shear modulus µ, also written as G, is
given through e.g.

τxy = µγxy (5.12)

where γxy is the strain, or engineering strain, measured through the
total angle the sample deviates from the x and y axes, and τxy is the
stress (exerted on the y-normal face in the x-direction). In terms of
the tensor stresses and strains, the modulus would be

σij = 2µεij (5.13)

as shown in Eq 4.25. The shear modulus µ is also known as the second
Lamé coefficient.

. . . in terms of E, ν Here we will find a formula for the shear mod-
ulus µ (or G) in terms of (E and ν.) We can take a bar under uniaxial
stress σ11. It is possible, taking separate axes α and β to transform
the uniaxial stress to pure shear stress through a π/4 (45◦) rotation.
Taking aα1 as the cosine of the angle between α and x1, etc, the trans-
formation is

σαβ = aαiaβjσij (5.14)

σαβ = aα1aβ1σ11 (5.15)

σαβ =
1√
2

(
− 1√

2

)
σ11 = −σ11

2
(5.16)

Similarly, the strain tensor transforms
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εαβ = aα1aβ1ε11 + aα2aβ2ε22 + aα3aβ3ε33 (5.17)

εαβ = −1

2
ε11 +

1

2
ε22 (5.18)

εαβ = −σ11
2E

(1 + ν) (5.19)

From µ = σαβ/2εαβ,

µ =
E

2 (1 + ν)
(5.20)

Only positive values of the shear modulus are possible: for µ < 0, the
material will shear spontaneously without application of a shear stress
or heat. Since E > 0, it has to be the case that ν > −1.

5. First Lamé coefficient λ

The Lamé coefficients λ and µ express the total elastic energy stored
by an isotropic medium. The first coefficient defines the elastic energy
due to normal strains; the second coefficient defines the elastic energy
due to shear strains. The energy can be written as

U =
λ

2
εjjεkk + µεijεij (5.21)

Here there are implied sums in each of εjj and εkk; the sum in µ
includes diagonal components i = j:

U =
λ

2
(ε11 + ε22 + ε33)

2 + µ
(
ε211 + ε222 + ε233

)
+ 2µ

(
ε212 + ε223 + ε231

)
(5.22)

Taking σij = (∂U/∂εij)/2, multiplied by a factor of two since ij and
ji terms both contribute, for a shear stress, e.g. σ12

σ12 = 2µ ε12 (5.23)

(or σxy = µγxy), and for the normal stresses, which do not take the
factor of two, e.g. σ11
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Material E (GPa) ν other info

Al 69 0.33 TM =933 K

Ti 107 0.34 TM =1941 K

Cu 110 0.34 TM =1358 K

Ni 207 0.31 TM =1728 K

W 407 0.28 TM =3695 K

C (diamond) 1035 0.1-0.3 -

pyrex 64 - -

wood 5-15 - -

silicone rubber 0.05 - -

PTFE 0.4-0.6 0.46 -

Table 5.1: Some elastic properties, mostly from Callister.

σ11 = (2µ+ λ) ε11 + λ (ε22 + ε33) (5.24)

The first Lamé parameter does not need to be positive (although it
typically is.) A sample under hydrostatic stress needs to have positive
strain energy, but some of this energy is stored in the µ term.

6. p-wave modulus M

The p − wave modulus M is useful in problems on elastic waves. It
is defined as the ratio of longitudinal stress to longitudinal strain in a
uniaxial strain state:

σ11 = Mε11 ε22 = ε33 = 0 (5.25)

5.2 Thermodynamics of elasticity

5.2.1 Entropic elasticity in polymers

In perfectly crystalline solids (metals, ceramics), elastic deformation would
seem to be an energy-conserving process. The positions of atoms do not
change with respect to each other during the deformation, regardless of the
strain rate, so little or none of the strain energy can be dissipated as heat.
Here as we saw before in our discussion of empirical potential models, the
change in free energy F = U − TS of the solid (where U is the internal
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energy and S is the entropy) is dominated by the internal energy U . Elastic
deformation in a perfect crystal is then adiabatic, without heat flow to the
surroundings. (If we allow atoms to move with respect to each other, they
will lose energy; this will be covered in anelasticity or internal friction.)

In polymers, the situation is different. If you hold a rubber band up to
your lip and stretch it (the rubber band, not your lip) out, you can feel the
rubber band get hot. If you let the rubber band relax, it cools down. The
dominant term to the free energy which changes with strain is the entropy
S of the polymer. When it stretches out, its entropy goes down, and heat
(δQ ≥ TdS) flows to the surroundings.

To see how entropy has an effect on elasticity, consider the internal energy
U ,

dU = T dS − P dV (5.26)

or rearranged,

dS =
1

T
dU +

P

T
dV (5.27)

where we can identify

dS =

(
∂S

∂U

)
V

dU +

(
∂S

∂V

)
U

dV (5.28)

This implies

P = T

(
∂S

∂V

)
U

(5.29)

or if we just consider that the length l of the solid changes and its area
A stays the same, V = Al, dV = Adl, P = f/A, where f is the force:

f = T

(
∂S

∂l

)
U

(5.30)

The entropy of the polymer changes with its length l, so this derivative
is negative. We can remember the result of the random walk problem.
If one takes N steps randomly, either to the left or the right with equal
probabilities, the most likely outcome is equal numbers of right and left
steps and no net displacement. The total number of N step configurations
to create a given value of s, known as the multiplicity g(s,N), is

ln g(s,N) = ln g(0)− 2s2

N
(5.31)
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A polymer is a number of carbon backbone links which can point to
the left or right, and for no net displacement, the end-to-end length of the
polymer chain is l = 0. However a difference in the number of up and down
steps 2s, N↑ −N↓ = 2s, is possible, with finite length; for an excess s, link
length |ρ|, l ∼ 2s|ρ|. This means the entropy can be expressed in terms of
the length as

ln g(s,N) = ln g(0)− l2

2|ρ|2N
(5.32)

Here the entropy S is just S = kB ln g. This gives(
∂S

∂l

)
U

= − kB
|ρ|2N

l (5.33)

The entropy of the polymer decreases when it is stretched out. In the
extreme limit where it is fully stretched out with l = ρN , there is only
one possible configuration (g = 1), so it is in a highly ordered state, and its
entropy is at a minimum. One has to pull on the system in order to decrease
its entropy, and its resistance is the ’spring constant’ of a rubber. We can
recognize here a spring constant for the rubber

k =
kBT

|ρ|2N
(5.34)

in units of J/m2 or N/m. The model predicts that the Young’s modulus
of the polymer (neglecting Poisson contraction) is proportional to tempera-
ture, becoming stiffer as the temperature is increased.

5.2.2 Thermal expansion and compressibility parameters in
thermodynamic quantities

We defined the thermal expansion and compressibility before,

α ≡ 1

V

∂V

∂T P
K−1 = β ≡ − 1

V

(
∂V

∂P

)
T

(5.35)

Sign of α: negative thermal expansion (NTE)

Note that α does not need to be positive. There do exist crystals for which
the thermal expansion coefficients are isotropic and negative: the material
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Figure 5.2: Illustration of NTE material, right. Figure taken from [2].

shrinks on heating. A recently discovered example is cubic tungsten zir-
conate, Zr W2O8. This shows a negative dilation of ∼ -0.25% on increasing
the temperature from 4.2 to 300 K, or α1 ∼ 3× 10−6K−1.1

Here the negative response can be understood from one of the Maxwell
relations in thermodynamics,

α =
1

V

(
∂V

∂T

)
p

= −
(
∂S

∂P

)
T

(5.36)

where S is the entropy and P is the pressure. Typically entropy decreases
with pressure, since the number of internal degrees of freedom of a system
decreases when a system (e.g. a gas) is compressed, but in a compound of
this type, the opposite might be true. As illustrated in Figure 5.2, on the
right, the compression of an A−B−A bond might allow B to vibrate more
freely in the transverse direction. Thus increasing P also increases entropy
S, leading to NTE.

Additioinally, in covalent compounds Si, Ge, and similar, α becomes
negative at low temperature.

Use in equivalences

Taken together, α and β can be used as differential volume expansion coef-
ficients,

dV =

(
∂V

∂T

)
P

dT +

(
∂V

∂P

)
T

dP (5.37)

dV = αV dT − βV dP (5.38)

Any thermodynamic differential (dU, dS, dV, dH, dF, dG . . .) can be ex-
pressed in terms of α, β, Cp, and differentials in pressure and temperature

1”Negative Thermal Expansion from 0.3 to 1050 Kelvin in ZrW208,” T.A. Mary, J.S.O.
Evans, T. Vogt, A.W. Sleight, Science 272 90 (1996).
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(dP, dT). This makes it possible to express any of these quantities in terms
of these three experimentally determined variables. As an example, take the
heat capacity at constant pressure CP (T ):(

∂H

∂T

)
V

≡ CV (T ) CV (T ) = CP (T )− TV α2

β
(5.39)

So α and β are even more useful than they would first appear to be.

5.2.3 Grüneisen function, relating thermal expansion and
compressibility

At the same time, the thermal expansion and compressibility (or inverse
bulk elastic modulus K−1) are not entirely independent. We got a feeling
for their interdependence already from the bonding model in Chapter 1. The
thermal expansion arises from the anharmonicity of the potential, but this
also gave a softening of the elastic modulus E (or here K = E/(3[1 − ν]))
with increasing temperature.

Grüneisen defined a parameter γ which describes the interdependence,
relating a change in the lattice vibration frequency ω to a change in the
atomic volume V :

γi = −∂ lnωi
∂ lnV

(5.40)

for mode ωi. We are somewhat familiar with the idea of the interde-
pendence described by γ from the temperature-dependence of bonding pa-
rameters. The resonance frequency softens (∆ω < 0) and the interatomic
spacing expands (∆V > 0) with higher-amplitude vibrations of the bound
atoms, so γ > 0. Both phenomena are described by the anharmonicity s of
the bond. In the Debye model, Gruneisen showed that α, β, and CV will be
related through

α = γ
βCV
V

(5.41)

if all modes have the same Grüneisen parameter γi. Particularly in
the high-temperature limit above the Debye temperature T � θ, the heat
capacity is constant, CV ∼ 3kB. Thus

α ∼ (3kBnAγ) β (5.42)

where the atomic density is written nA = V −1. This form is useful for
earth scientists since a full set of α, β data as a function of high temperature
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or pressure may not be available for a given type of core material, so one
can be used to estimate the other.

The Grüneisen parameter is not always a constant as a function of tem-
perature. Particularly for Si, Ge, and similar compounds, γ is not very
meaningful; α (but obviously not β) changes sign at low temperature. How-
ever it is roughly constant and around 1− 2 for most materials. It explains
that soft materials with low bulk modulus K and high compressibility will,
usually, have high coefficents of thermal expansion α.
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Exercises

1. Derive a relationship for the p-wave modulusM in terms of the Young’s
modulus E and Poisson ratio ν.

2. Under what circumstances can the (volumetric) thermal expansion
coefficient α be calculated from a single measurement of linear thermal
expansion δl/l?

3. Gold has a Debye temperature of θ ∼ 162 K, a Young’s modulus of
E = 79 GPa, and a Poisson ratio of ν = 0.43. Estimate its thermal
expansion coefficient, making a reasonable assumption about γ.

4. Derive an approximate expression for the Gruneisen parameter in
terms of anharmonicity s and equilibrium interatomic spacing d0 of
the bonds, using the diatomic model. (Hint: how do the vibrational
frequency and interatomic spacing change with temperature?) You
can assume the solid is isotropic and that the changes are small (i.e.
Taylor expand quantities where relevant.) Use your results for Cu2

from HW 1 to estimate γ in Cu. (The experimental value is 1.9)
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Chapter 6

Anisotropic elasticity

In the previous chapter, we examined the isotropic elastic properties of ma-
terials. Here we will examine anisotropic elasticity. Quantities like the
Young’s modulus E and Poisson ratio ν generally depend on the directions
of stress and strain in crystalline materials. Artificial, composite materials
can also be elastically anisotropic, usually by design.

6.1 Stiffness and compliance

The elastic properties of materials can be defined either in terms of tensor
stiffnesses [c] or in terms of tensor compliances [s]. To find the stresses from
the strains, use the stiffnesses c

σij = cijkl εkl (6.1)

Note the implied sum over k and l, with nine terms to each σij . Alter-
natively, to find the strains from the stresses, use the compliances c

εij = sijkl σkl (6.2)

The stiffnesses cijkl are useful when we have a well-known strain state
εkl; the compliances sijkl are useful when we have a well-known stress state
σkl.

Mnemonic : The symbol does not match the first letter of the name: s
for compliance, c for stiffness. The word describes the tendency of a larger
value: a stiffer material (c) means a greater stress for imposed strain, a more
compliant material (s) means a greater strain for an imposed stress.

79
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6.1.1 Simple stress configurations: use of compliance

If we know the forces that are exerted on the sample boundaries, but not
necessarily the dimensions of the sample after the response, the stress state
is well-defined, and we use the compliances s.

1. Uniaxial normal stress: If tractions are exerted only on one set of
faces of a body, normal to those faces, the stress state will be uniaxial
and normal at the surface, σ11 = σ. If the body has a constant cross-
sectional area along x̂1, the stress σ11 = σ will be constant. This
would be the case for a cylinder, without body forces, under tension
at the ends. Here we would use the value s1111:

ε11 = s1111 σ11 (6.3)

to calculate the elongation. The compliance sijkl relates the imposed
stress σkl to the resultant strain εij , and we are interested in σ11 caus-
ing ε11. In this case, we know the tension T in the line, and we know
the cross-sectional area S of the line, so σ = T/S.

2. Young’s modulus equivalent: The Young’s modulus is defined for
uniaxial stress as

ε11 =
σ11
E

(6.4)

Therefore to find the Young’s modulus, we need the compliance:

E ≡ 1

s1111
(6.5)

3. Shear modulus equivalent

Similarly, the shear modulus is found for simple shear stress,

ε12 = s1212 σ12 (6.6)

From the definition of the shear modulus µ,

σ12 = 2µε12 (6.7)

µ ≡ 1

2s1212
(6.8)
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6.1.2 Simple strain configurations: use of stiffness

If the dimensions of the sample are specified, but the forces exerted on the
sample boundaries are not, we use the stiffnesses c to find the stresses:

1. Uniaxial strain states are relevant if one dimension of the sample
geometry is constrained. For example, we can take a plate of a sample,
thickness t which fits exactly in a gap between two rigid walls, also of
thickness t. If we imagine that the sample heats up, but the walls do
not, thermal expansion will dictate that δε11 = α∆T/3 (for a cubic or
isotropic material.) What happens? The material cannot expand, so
the sum of the thermal and traction strains must be zero

εth11 + εtraction11 = 0 (6.9)

So here we would take ε11 = −εth11 and find the thermal stress through

σ11 = −c1111εth11 (6.10)

where σ11 < 0, a compressive stress.

2. Biaxial strain Biaxial strains are important in epitaxial thin-film
growth. Here we know that the crystal structure of the substrate
must match the crystal structure of the film. For homoepitaxy, e.g. Si
grown on top of Si, there is no misfit and no strain. For heteroepitaxy,
e.g. Si1−xGex on Si(100), the alloy has a lattice constant which can
be about 1% different from that of the substrate. This places the film
in a biaxial strain state, ε11 = ε22.

6.2 General restrictions on elastic tensors

Because the stiffnesses cijkl and the compliances sijkl are fourth-rank tensors,
there are 34 = 81 components to each, and, in principle, 81 possible elastic
constants for each. However, many of these constants have to be equal to
each other, and many need to be zero. Formal considerations alone reduce
the number of independent values to 21, before considering anything about
the material symmetry.
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6.2.1 Experimental inaccessibility

Imagine that in an experiment we would like to measure c1223. This means
that we would impose a known strain ε23 and try to measure the shear stress
σ12. This stiffness can be nonzero.

However, because the tensor strain is symmetric, at the same time as we
impose ε23, we impose an equal ε32. Therefore we will have

σ12 = c1223ε23 + c1232ε32 (6.11)

σ12 = (c1232 + c1223) ε23 (6.12)

and because there is no way to vary these two strains independently
of each other in an experiment, one could never detect a difference in
c1232, c1223, if it existed. It then makes sense to set

cijkl = cijlk (6.13)

Similarly, if we look at the transposed strain σji, here

σ21 = c2123ε23 + c2132ε32 (6.14)

it too must be equal to σij (here σ12), since the stress tensor is symmetric.
This is possible only if

cijkl = cjikl (6.15)

This reduces the number of independent elements dramatically. For each
ij in cijkl, there were nine components specifying kl pairs before considering
the symmetry cijkl = cijlk, but afterwards, there are six. Similarly, for each
kl pair in cijkl = cjikl, the symmetry reduces the number of independent ij
components to six. The same argument could be made for sijkl. The total
number of independent cijkl or sijkl values is therefore reduced from 81 to
36.

6.2.2 Elastic energy

Next we can make a thermodynamic argument to reduce the number of
independent values of cijkl, sijkl further. We can consider the work done
in elastic deformation, which is then stored in the crystal. Calculating the
work done is simpler if we assume elastic displacements: zero force, F = 0,
for zero displacement, u = 0, and F = −ku, where k is some spring constant.
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The forces applied are in the direction of the displacement. The total work
in displacement to u1 is

∆w =

∫ u1

0
Fδu→ ∆w =

1

2
ku21 → ∆w =

1

2
Fu1 (6.16)

For a normal stress, F = σ11A; for a normal strain, u = ε11l. We can
then express the intensive work (per unit volume) on an elastic body as, for
strains in the ε11 direction,

∆W =
∆w

lA
=
σ11ε11

2
(6.17)

The other faces may change in area, but their centers are not displaced
in the x1 direction, so no work is done upon them. This argument can be
extended to all normal stresses.

For a shear strain, the situation will be similar. Taking the shear stress
σ21 as an example, the only face which undergoes a displacement in the
direction of the force (x̂2) will be the face with normal x̂1. The net result is
that all terms for work done on the element will have the form σij εij . We
can generalize

∆W =
1

2
(σ11ε11 + σ22ε22 + σ33ε33 + 2σ12ε12 + 2σ23ε23 + 2σ31ε31) (6.18)

or in dummy suffix notation,

U ≡ ∆W =
σijεij

2
(6.19)

Since the deformation is elastic, all the work which has gone into defor-
mation is recoverable, so the internal energy per unit volume U is equated
with the work ∆W .

Symmetry of stiffness and compliance matrices The form for the
energy will place further constraints on the values of cijkl, sijkl. We will
consider the energy in a biaxial strain state, ε11, ε22, although the relation
will hold for any strain state. The elastic energy U = ∆W can be written
for a differential strain δεij as

δU = σijδεij (6.20)

expressed in terms of the stiffness, using Eq 6.1, as
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δU = cijklεkl δεij (6.21)

Next, assuming that there are only two strain components, ε11 and ε22

δU = (c1111ε11 + c1122ε22) δε11 + (c2211ε11 + c2222ε22) δε22 (6.22)

Now we can see what happens to the total energy if we strain the crystal
in different sequences. We will change the strain state from (ε11, ε22) to
(ε11+δε11, ε22+δε22), through two different paths. The values of the strains
are taken to be equal: δε11 = δε22. In path A, we will strain first in ε11,
then in ε22. The total energy here is:

δUA = (c1111ε11 + c1122ε22) δε11 + (c2211 [ε11 + δε11] + c2222ε22) δε22 (6.23)

In path B, we can strain first in ε22 and then in ε11. The total energy
change then is

δUB = (c2211ε11 + c2222ε22) δε22 + (c1111ε11 + c1122 [ε22 + δε22]) δε11 (6.24)

If we take the difference of the elastic energies for straining the crystal
along these two different paths, since δε11 = δε22 = δε, all terms in a single
differential are equal. We will have finally

δUA − δUB = (δε)2 (c2211 − c1122) (6.25)

The elastic energy depends only on the final strain state, according to
Eq 6.19, so there can be no dependence of the total energy on the path taken
to that state, and the difference in Eq 6.25 has to vanish. We carried out
the problem for ij = 11, kl = 22, but it would hold for any pair of values.
This implies that the stiffness matrix must be symmetric:

cijkl = cklij (6.26)

The same holds true for the compliances,

sijkl = sklji (6.27)

This relationship says that the elasticity has to be the same if the stress
and strain directions are interchanged.
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Example We can consider a Poisson contraction. We impose a uniaxial
stress and are interested in the transverse strain. Taking stress σ11 (on x),
for the transverse strain ε22 (on y),

ε22 = s2211σ11 (6.28)

Now, if we exchange the stress and strain directions, so that the stress
is on y and the strain is on x

ε11 = s1122σ22 (6.29)

In this case, the Poisson (transverse) strain does no work: σijεij = 0.
Nevertheless, the requirement that elastic energy is path-independent says

s2211 = s1122 (6.30)

even in the absence of any crystal symmetry. Thus the ratio of longitu-
dinal stress σ to transverse strain ε⊥, for unit uniaxial stress σ is the same
in both configurations:

ε11
σ

([σ] = σ22) =
ε22
σ

([σ] = σ11) (6.31)

(6.32)

The symmetry reduces the total number of independent values for cij and
sij from 36 to 21.

Summary: the first two or last two indices may be interchanged: ijkl→
jikl, or ijkl→ ijlk. Also, the first pair of indices may be interchanged with
the last pair: ijkl→ klij.

Example: I know c1112; what other terms do I know? Reversing the first
two indices gives nothing new, so just c1112 = c1121 = c1211; however, I may
then combine operations, giving = c2111.

6.3 Matrix notation

The elastic constants for anisotropic crystals are usually represented as a
matrix, rather than as a fourth-rank tensor. The matrix is easier to write
on a (two-dimensional) page. The matrix (tensor) stress gets flattened to a
one-dimensional vector first by collapsing indices:
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11→ 1 22→ 2 33→ 3 23→ 4 13→ 5 12→ 6 (6.33)

represented in the matrix, there are only these six values to consider,
since the matrix is symmetric:

 σ11 σ12 σ13
σ21 σ22 σ23
σ31 σ32 σ33

→
 σ1 σ6 σ5
· σ2 σ4
· · σ3

→


σ1
σ2
σ3
σ4
σ5
σ6

 (6.34)

and the six-element vector holds all the matrix stresses σi, i = 1 . . . 6.
Similarly, the tensor strain εij is converted to the matrix engineering strain
using the same scheme.

 ε11 ε12 ε13
ε21 ε22 ε23
ε31 ε32 ε33

→
 ε1 ε6/2 ε5/2

ε2 ε4/2
ε3

→


ε1
ε2
ε3
ε4
ε5
ε6

 (6.35)

Here the matrix shear strains are engineering strains, defined in Eq 4.21
be a factor of two larger than the tensor shear strains:

ε4 = 2ε23 ε5 = 2ε13 ε6 = 2ε12 (6.36)

The matrix formulation becomes useful through the matrix stiffnesses cij
and compliances sij :

σi = cij εj (6.37)

εi = sij σj (6.38)

The equality of elasticities cij when we interchange strain directions εi
and stress directions σj , discussed in Section 6.2.2 implies

cij = cji (6.39)

and similarly for the compliances,
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sij = sji (6.40)

and since there are six indices, this reflects the reduction of independent
elements from 36 to 21.

Use of the matrices

Tabulated elasticities are always given in terms of the matrix cij and sij .
If the crystal axes are a convenient frame for a stress-strain calculation,
particularly for a cubic, tetragonal, or othorhombic system with orthonormal
axes, and the stresses / strains aligned along them, the problem can be
attacked just with the matrix stiffness / compliances. This saves work.
However if we are interested in stresses or strains not along orthonormal
crystal axes, we will have to convert the matrix cij to tensor cijkl, or the
matrix sij to tensor sijkl, and transform the tensor to new axes according
to the relations in Eq 3.33. An example is shown in Section 6.5.

Example An orthorhombic crystal is deformed in compression, with σ =
−P along the [100] axis such that it cannot expand along [010] and [001].
What is its elastic modulus for the deformation? Answer: Here we know
the strain state of the crystal: we have ε11 → ε1 only. The stiffnesses are
needed

σi = ci1ε1 (6.41)

where the other strains εi = 0. Stresses will develop along other axes as
well, but to relate σ1 to ε1, we can write

σ1
ε1

= c11 (6.42)

Transformation of matrix to tensor elasticities

The matrix elasticities include many tensor components implicitly, so trans-
lation from matrix to tensor stiffness and compliance is not transparent.
Conversion is straightforward for stiffnesses: matrix indices i, j are each
converted to their two-index counterpart according to the relations 6.33. In
matrix notation, for simple shear ε6

σ6 = c66ε6 (6.43)
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where the same relation in tensor notation would be, due to the inevitable
symmetric tensor strain component,

σ12 = c1212ε12 + c1221ε21 (6.44)

and because cijkl = cijlk,

σ12 = c1212 2ε12 (6.45)

where ε6 = 2ε12, so the components c are equal in the two representa-
tions. Generally, we can write for the stiffnesses

c1111 = c11 c1122 = c12 c1211 = c61 c1212 = c66 (6.46)

etc. However, for the compliances, there are factors of two involved.
Here, for simple shear σ6, in a triclinic system, there could be a normal
strain ε1, represented in the two systems

ε1 = s16σ6 (6.47)

ε11 = s1112σ12 + s1121σ21 (6.48)

ε11 = 2 s1112 σ12 (6.49)

implying

s1112 = s16/2 (6.50)

Where a factor 1/2 comes in for sij . Or for the shear modulus,

ε6 = 2ε12 = s66σ6 (6.51)

ε12 = 2s1212σ12 (6.52)

s1212 = s66/4 (6.53)

Thus smn add factors of two and four as follows:

• smn = sijkl form,n = 1, 2, 3 :

cubics: s1111 = s2222 = s3333 = s11
cubics: s1122 = s2233 = s3311 = s2211 = s3322 = s1133 = s12
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• smn/2 = sijkl form or n = 4, 5, 6

cubics: no such terms

• smn/4 = sijkl form and n = 4, 5, 6

cubics: s1212 = s2323 = s3131 = s44/4

6.4 Crystal symmetry

The symmetry of the crystal further reduces the number of independent cijkl
and sijkl components. According to Neumann’s principle,

The symmetry elements of a physical property of a crystal must
contain the symmetry elements of the point group of the crystal

Point groups refer to rotational symmetries of a crystal. We can think
about rotations about a given axis; some axes in crystals have rotational
symmetries, and 2-, 3-, 4-, and/or 6-fold rotations about these axes (by 180◦,
120◦, 90◦, and 60◦, respectively), depending on the type of crystal, bring
about identical arrangements of atoms. For HCP metals, for example, the
c-axis has sixfold rotational symmetry: rotations of 60◦ about lattice points
bring about identical atomic arrangements. In FCC metals, all 〈111〉 axes
have threefold rotational symmetry: 120◦ rotations bring about identical
atomic arrangements.

Neumann’s principle means that if we consider a physical property, like
elasticity, in different crystal directions, the physical property needs to have
at least the same rotational symmetry, but could also have even higher sym-
metry. For example, we can take a cubic crystal, and consider the Young’s
modulus ε′ii = s′iiiiσ

′
ii in the (001) plane. Most classes of cubic crystal

have fourfold rotational symmetry on (001). This means that if we look
at the Young’s modulus, 1/s′1111 as a function of angle, it has to include,
i.e. respect, the symmetry of the crystal. It must be possible to rotate
the stress/strain axis within the (001) plane and come up with the same
compliance at 90◦ increments.

Newman’s principle does not mean that there will be an evident fourfold
symmetry of the Young’s modulus in the (001) plane. The Young’s modulus
might be isotropic for the case considered. Isotropy implies that we can
rotate by an infinitesimal or arbitrary angle and observe the same stiffness.
One could call this a ∞−fold axis; this symmetry is higher than fourfold,
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and obviously includes fourfold symmetry. We can still rotate by 90◦ and
see the same properties.

6.4.1 Example: cubic systems

We will see how to reduce the total number of values for a given crystal
class, taking cubic systems as an example. Any symmetry present in the
arrangement of the atoms in the crystal must also be present in the elasticity
tensor. This means that if we transform the coordinate axes from ’old’ axes
to ’new’ axes, and both are equivalent by crystal symmetry, the tensor c

′
or

s
′

must be identical. For stiffnesses, we can write

c
′
ijkl = aimajnakoalp cmnop (6.54)

where again the aij values are the cosines of the angles between new axis

x̂i
′

and old axis x̂j. Cubics have fourfold symmetry about any crystal axis.
Defining the ’new’ axes as those rotated by 90◦ about x3, for example, we
have

(a) =

 0 1 0
−1 0 0
0 0 1

 (6.55)

We can see according to this transformation which elements need to be
equal and which need to be zero.

Equal elements

Taking the tensor normal stiffness along the new axis 1, c
′
1111

c
′
1111 = a412 c2222 (6.56)

c
′
1111 = c2222 (6.57)

Because the individual elements of the new representation, also must be
equal to those of the old, c

′
ijkl = cijkl, this implies c1111 = c2222, or c11 = c22

in matrix notation. The equality c11 = c33 could also be shown by taking a
tetrad axis along x2.

Using the same matrix (a) for the fourfold rotation about x̂3, c1133 is

c1133 = a1ma1n cmn33 (6.58)
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with nonzero components only for m = n = 2, so

c1133 = c2233 (6.59)

In matrix form, these are c13 = c23, and since all three axes are equiva-
lent, c13 = c23 = c12. Next, for the shear component c2323,

c2323 = a2ma2o cm3o3 (6.60)

with nonzero components only for m = o = 1, so

c2323 = c1313 (6.61)

For the matrix shear stiffnesses, we can write c44 = c55, and since all
three axes are equivalent, c44 = c55 = c66 also.

Elements equal to zero

Next, would like to see if normal strains can result in a shear stress:

c1233 = a1ma2o cmn33 (6.62)

nonzero only for

c1233 = − c2133 (6.63)

or from general symmetry, we can interchange the first two indices

c1233 = − c1233 (6.64)

only possible if this element is equal to zero. Thus in matrix notation,
c63 = c62 = c61 = c53 = c52 = c51 = c43 = c42 = c41 = 0 for cubic systems.

Similarly, what about a shear strain about one axis causing a shear stress
about another? We take a shear strain on 23 giving us a shear stress on 12:

c2331 = a2ma1p cm33p (6.65)

c2331 = − c1332 (6.66)

After carrying out the three transpositions, this is equal to

c2331 = − c2331 (6.67)

Therefore this element also must be equal to zero. The matrix compo-
nents which must vanish in cubic systems are then c45 = c46 = c56 = 0.
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Result for cubics

For cubic crystals, independent stiffnesses cij are reduced by crystal sym-
metry from (21 to 3). The matrix is relatively simple:

(c) =



c11 c12 c12 · · ·
c11 c12 · · ·

c11 · · ·
c44 · ·

c44 ·
c44

 (6.68)

• c11 refers to the stiffness for a normal stress along one crystal di-
rection and a normal strain along the same crystal direction. De-
scribes (tensor notation) the relationship between σii and εii. σii =
. . .+ c1111εii (tensor notation) or σi = . . .+ c11εi (i ≤ 3) (matrix nota-
tion.) Three identical entries: c11 = c22 = c33 , or three tensor values:
c1111, c2222, c3333.

• c12 refers to the stiffness for a normal stress along one crystal direc-
tion and a normal strain along another crystal direction. Describes
(tensor notation) the relationship between σii and εjj . σii = . . . +
c1122εjj (tensor notation) or σi = . . .+ c12εj (matrix notation.) Three
identical entries: c12 = c23 = c31 , or six tensor values:
c1122, c2211, c1133, c3311, c2233, c3322.

• c44 refers to the stiffness for a shear stress about one crystal di-
rection and a shear strain about the same crystal direction. De-
scribes (tensor notation) the relationship between σij and εij . σij =
. . .+ cijijεij (tensor notation) or σi = . . .+ c44εi (i ≥ 4) (matrix nota-
tion.) Three identical entries: c44 = c55 = c66 , and six tensor values:
c1212, c2121, c1313, c3131, c2323, c3232.

6.5 Young’s modulus in a given cubic direction

To calculate the Young’s modulus in an arbitrary direction li (unit length),
define a new compliance matrix s

′
ijkl in new axes such that the direction li is

set along the x
′
1 axis. The vector li is defined in the ’old’ coordinate system.

The rotations of the other new axes x
′
2, x

′
3 do not matter. We can then see

that



6.5. YOUNG’S MODULUS IN A GIVEN CUBIC DIRECTION 93

a1i = li (6.69)

Our job will be to calculate s
′
1111: stress and strain both applied along li.

To carry out the tensor transformation, we have, in general for a fourth-rank
tensor,

T
′
ijkl = aimajnakoalpTmnop (6.70)

so in this case, it is

s
′
1111 = a1ma1na1oa1psmnop (6.71)

or

s
′
1111 = li lj lk ll sijkl (6.72)

after changing axes. Remember that there are only three types of nonzero
components: three s11 (E-type) terms,

s1111 = s2222 = s3333 = s11 (6.73)

six s12 (ν−type) terms

s1122 = s2233 = s3311 = s2211 = s3322 = s1133 = s12 (6.74)

and twelve s44 (µ-type),

s1212 = s2323 = s3131 = (6.75)

s2121 = s3232 = s1313 = (6.76)

s1221 = s2332 = s3113 = (6.77)

s2112 = s3223 = s1331 =
s44
4

(6.78)

(6.79)

we will see why the factor of 1/4 is added to s44 shortly. This gives a
total of 21 terms to consider. (This will be necessary for all cubic elasticity
transformation problems.) Then we have in the implicit sum,

s
′
1111 =

(
l41 + l42 + l43

)
s11 + 2

(
l21l

2
2 + l22l

2
3 + l23l

2
1

)
s12+

4
(
l21l

2
2 + l22l

2
3 + l23l

2
1

) s44
4
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Next, recognize that because li is a unit vector,

(
l21 + l22 + l23

)2
= 1 (6.80)(

l41 + l42 + l43
)

+ 2
(
l21l

2
2 + l22l

2
3 + l23l

2
1

)
= 1 (6.81)

(6.82)

so that (
l41 + l42 + l43

)
= 1− 2

(
l21l

2
2 + l22l

2
3 + l23l

2
1

)
(6.83)

Rewriting the equation for s
′
1111,

s
′
1111 = s11 + (2s12 − 2s11 + s44)

(
l21l

2
2 + l22l

2
3 + l23l

2
1

)
(6.84)

or

s = s11 − 2
(
s11 − s12 −

s44
2

) (
l21l

2
2 + l22l

2
3 + l23l

2
1

)
(6.85)

where the term in the parentheses is an anisotropy factor: if it is zero,
the response is isotropic.

For stiffnesses, the transformation to c is just the same, except that
in the conversion from tensor to matrix shear, there is no factor of four;
c44 = c1212, etc, where s44 = s1212/4. This means we can replace s11 with
c11, s12 with c12, but s44 with 4c44:

Example: (110) plane We can see how this works out for a thin plane
sample of a FCC crystal, cut along 110 planes. Normal stress and strain are
applied along a given plane direction. We define the angle θ as the right-
handed rotation of the stress σ

′
11 and strain ε

′
11 directions away from [110].

The direction of stress and strain in the crystal, along the crystal axes, is
then

l = [001] sin θ +
1√
2

[110] cos θ (6.86)

The directional factor Q = l21l
2
2 + l22l

2
3 + l23l

2
1 then becomes

Q =
1

4
cos4 θ + cos2 θ sin2 θ (6.87)

Notice that Q has limiting values of Q<001> = 0, Q<110> = 1/4, and
Q<111> = 1/3, all of which are contained within the (110) plane, at angles
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material s11(TPa)−1 s12(TPa)−1 s44(TPa)−1

Cu 15.0 -6.3 13.3

Table 6.1: Compliances for (FCC) Cu, Landolt-Bornstein tables. Note that
s12 is negative since it reflects the Poisson contraction.

of θ = 90◦, θ = 0, and θ = ±35.3◦, respectively. The compliances for Cu,
taken from the Landolt-Bornstein tables, are given above. This gives an
anisotropy factor

a2 = −2
(
s11 − s12 −

s44
2

)
(6.88)

a2 = −29.3 TPa−1 (6.89)

and we can express

s
′
11 = a1 + a2 Q (6.90)

where a1 = s11. The minimum value will be a1 − |a2|/3, for [111]; the
maximum value will be s11, for [001]. The direction-resolved compliance
is plotted in Figure 6.1. The degree of anisotropy is quite large, where s

′

changes by a factor of three in the rotation of the pulling direction from
[001] to [1̄11]

6.6 Transforming compliances to stiffnesses

We can recast the definitions σi = cijεj and εi = sijσj in matrix form, as

σ = (c)ε ε = (s)σ (6.91)

where (c) and (s) are matrices with the same elements as cij , sij , and σ
and ε are column vectors with the stress components and strain components
respectively.

If we multiply the first equation by the inverse of the (c) matrix,

(c)−1σ = (c)−1(c)ε (6.92)

so

ε = (c)−1σ (6.93)

and clearly
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Figure 6.1: Compliance s
′
11 (where ε

′
11 = s

′
11σ

′
11) as a function of applied

stress direction. Angle θ is in the (110) plane, right hand rotation from
[1̄10]. Parameters are for (FCC) Copper.
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(s) = (c)−1 (s)(c) = (I) (6.94)

where (I) is the identity matrix, Iij = δij .

This means that we just have to multiply the matrices together:



c11 c12 c12 0 0 0
c12 c11 c12 0 0 0
c12 c12 c11 0 0 0
0 0 0 c44 0 0
0 0 0 0 c44 0
0 0 0 0 0 c44





s11 s12 s12 0 0 0
s12 s11 s12 0 0 0
s12 s12 s11 0 0 0
0 0 0 s44 0 0
0 0 0 0 s44 0
0 0 0 0 0 s44



=



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1



(6.95)

Multiplying the fourth through sixth rows by fourth through sixth columns
gives either zero or

c44 =
1

s44
(6.96)

and out of the nine products for the upper left blocks, only two are
independent:

s11c11 + 2s12c12 = 1 (6.97)

s12c11 + s11c12 + s12c12 = 0 (6.98)

Notice that in these relationships, we can interchange s with c, so the
solution we will find for c in terms of s can be expressed in the same way
for s in terms of c. This is not generally true for all crystal systems, just for
cubics. Solving for c11, c12,

c11 =
1

s11
(1− 2s12c12) (6.99)

s12
s11

(1− 2s12c12) +
1

s11

(
s211 + s11s12

)
c12 = 0 (6.100)
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Multiplying through by s11,

c12
(
s211 + s11s12 − 2s212

)
= −s12 (6.101)

c12 = − s12
(s11 − s12)(s11 + 2s12)

(6.102)

and backsubstituting,

c11 =
s11 + s12

(s11 − s12)(s11 + 2s12)
(6.103)

Now interchanging s and c,

s12 = − c12
(c11 − c12)(c11 + 2c12)

(6.104)

s11 =
c11 + c12

(c11 − c12)(c11 + 2c12)
(6.105)

6.7 Polycrystalline averages: return to isotropy

There are two types of polycrystalline averages for the elastic constants used
to determine an average Young’s modulus E and Poisson ratio ν from the cij
and sij coefficients. The Voigt average assumes uniform strain (isostrain)
in the polycrystalline sample. The Reuss average assumes uniform stress
(isostress) in the polycrystalline sample.

Voigt average The Voigt average assumes uniform strain, seeking values
of c

′
ij as transformed to new axes from the crystal axes. All values of aij are

then averaged over all equally weighted orientations for the crystal to find
average values of the stiffnesses c11, c12, c44. We have already determined an
expression for s

′
11 in Eq 6.85; for c

′
11, there is just a difference of a factor of

four in the c44 term:

c
′
11 = c11 − 2 (c11 − c12 − 2c44)

(
a21a

2
2 + a22a

2
3 + a23a

2
1

)
(6.106)

Now the task is to take a spatial average of the orientation-dependent
term Q; consider an average of e.g. a21a

2
3, for the middle term, over all

possible orientations of the grain. If we take spherical coordinates with
a3 = cos θ, a2 = sinφ sin θ
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< a21a
2
3 >=

∫ 2π
0

∫ π
0 sin θ cos2 φ sin2 θ cos2 θ dφ dθ∫ 2π

0

∫ π
0 sin θ dφ dθ

(6.107)

< a21a
2
3 >=

∫ 2π
0 cos2 φ dφ

∫ π
0 sin θ

(
cos2 θ − cos4 θ

)
dθ

4π
(6.108)

< a21a
2
3 >=

2π (1/3− 1/5)

4π
=

1

15
(6.109)

Since all directions xi are equivalent, all terms in the sum < a21a
2
2 > + <

a22a
2
3 > + < a23a

2
1 > are the same, and the sum evaluates to 1/5. Thus

c11 =
3

5
c11 +

2

5
c12 +

4

5
c44 (6.110)

for cubic materials. A similar analysis gives

c12 =
1

5
c11 +

4

5
c12 −

2

5
c44 (6.111)

c44 =
1

5
c11 −

1

5
c12 +

3

5
c44 (6.112)

These satisfy the isotropy condition

c44 =
1

2
(c11 − c12) (6.113)

The Voigt-average Young’s modulus EV is expressed for uniaxial stress
as EV = 1/s11; transforming from c11 using Eq 6.105

Ev =
(c11 − c12) (c11 + 2c12)

c11 + c12
(6.114)

Ev =
(0.4(c11 − c12) + 1.2c44) (c11 + 2c12)

(0.8c11 + 1.2c12 + 0.4c44)
(6.115)

Gv =
c11 − c12 + 3c44

5
(6.116)

νv =
Ev
2Gv

− 1 (6.117)



100 CHAPTER 6. ANISOTROPIC ELASTICITY

Crystal c11 c12 c44 s11 s12 s44 EV ER E

Fe 230 135 117 7.67 -2.83 8.57 227 193 210

Cu 169 122 75.3 15 -6.3 13.3 144 109 127

Table 6.2: Cubic elastic constants, from Landolt-Bornstein tables, converted
to polycrystalline, isotropic Young’s moduli. Stiffnesses cij and Young’s
modului (Voigt, Reuss, and VRH) EV , ER, and E in GPa; compliances sij
in TPa−1.

Reuss average The Reuss average is simpler. Here we assume isostress
in the grains, so we can evaluate directly from a spatial average of s11. The
result we had for c11 in Eq 6.110 can be reproduced, substituting s for c and
dividing by a factor 4 in the c44 term:

s11 =
3

5
s11 +

2

5
s12 +

1

5
s44 (6.118)

Thus the Reuss-averaged Young’s modulus ER is

ER =
5

3s11 + 2s12 + s44
(6.119)

Translating the result for c44,

s44/4 =
1

5
s11 −

1

5
c12 +

3

5
s44/4 (6.120)

GR =
5

4s11 − 4s12 + 3s44
(6.121)

νR =
ER
2GR

− 1 (6.122)

Polycrystalline averages The Voigt and Reuss averages are upper and
lower bounds on isotropic elastic moduli of polycrystals. Both isostress and
isostrain are extreme approximations. In isostrain (Voigt), stress varies dis-
continuously across grain boundaries, so the grains cannot be in equilibrium;
the estimate of EV is an upper bound for the elastic modulsu. In isostress
(Reuss), strain at grain boundaries must be discontinuous, implying that
lattices no longer match on deformation, and ER is a lower bound for the
elastic moduli.
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6.7.1 Stiffness and compliance matrices for isotropic materi-
als

The compliance matrix for an isotropic material takes the same form as that
for a cubic. The elements are

s11 =
1

E
s12 = − ν

E
s44 =

1

G
(6.123)

i.e.

ε1 =
σ1
E
− ν

E
(σ2 + σ3) (6.124)

ε2 =
σ2
E
− ν

E
(σ1 + σ3) (6.125)

ε3 =
σ3
E
− ν

E
(σ1 + σ2) (6.126)

ε4
σ4

=
ε5
σ5

=
ε6
σ6

=
1

G
(6.127)

Similarly, for the elements of the stiffness matrix,

c11 = 2µ+ λ c12 = λ c44 = µ (6.128)

σ1 = (2µ+ λ) ε1 + λ (ε2 + ε3) (6.129)

σ2 = (2µ+ λ) ε2 + λ (ε1 + ε3) (6.130)

σ3 = (2µ+ λ) ε3 + λ (ε1 + ε2) (6.131)

Where the Lame coefficient and shear modulus are

λ =
Eν

(1 + ν) (1− 2ν)
(6.132)

µ =
E

2 (1 + ν)
(6.133)

and finally

c11 =
E (1− ν)

(1 + ν) (1− 2ν)
c44 =

E

2 (1 + ν)
(6.134)

These quantities will be important for calculating the speed of sound in
materials later on.
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Exercises

1. Determine an expression for the bulk modulus K of a cubic crystal in
terms of the matrix stiffnesses cij . You can assume that the normal
strain axes εi are along the unit cell axes.

2. Using the Python function sprime distributed in class, plot the Young’s
modulus s

′
1111 for Cu for a full rotation of stress and strain axes

through 2π in the (100) and (111) planes. How do your plots obey
Neumann’s principle?.

3. Using the Python function sprime, show that an average of 100 ran-
dom orientations for the stress/strain axis li converges to the Reuss av-
erage. Hint: use the function 2*np.pi*np.random.random((100,2))

to create random values for spherical angles θ, φ and generate li from
these angles.

4. Derive an expression for the p-wave modulus M for different directions
of uniaxial strain defined by li.

5. Modify the Python function to calculate the p−wave modulus, ac-
cording to your result in the last problem. Plot the modulus for a full
rotation of 2π in the (100) and (111) planes, and be sure to show that
your computed result agrees with analytic results for some low-index
orientations.

6. Using the Landolt-Bornstein tables values, calculate the Voigt, Reuss,
and Voigt-Reuss-Hill average isotropic Young’s moduls E for Al.

7. Derive the Young’s modulus for the Reuss average of a [111]-fiber-
textured polycrystalline cubic solid.



Chapter 7

Elastic waves

We have already seen in Chapter 1 that atoms can oscillate about their
equilibrium positions in a solid, participating in wavelike motion under the
influence of forces from neighboring atoms. Lattice vibrations, or phonons,
are the primary mechanism through which solids absorb and store thermal
energy from their surroundings. In our prior consideration of the Debye
temperature, there was a single ’speed of sound’ vp, said to be in some way
proportional to the Young’s modulus E of the solid.

In this section, we will take a closer look at what the speed of sound has
to do with the elastic moduli of a solid.

7.1 Solutions for phase velocity

For the most general consideration of sound wave propagation, we will de-
velop solutions for elastic waves in a single crystal, with stiffnesses cijkl, as a
function of direction of propagation. We will then consider two interesting
special cases: cubic crystals and isotropic materials.

7.1.1 General: Cauchy equation of motion

We can remember our equation of motion, Eq 2.6, valid for any point in a
medium, under the influence of stresses and body forces gi

ρüi =
∂σij
∂xj

+ gi (7.1)

We will seek oscillatory, plane-wave solutions of this equation. The di-
rection of propagation k is arbitrary. In vector form,
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u(r, t) = u0 exp i (k · r− ωt) (7.2)

where u0 is the polarization of the wave. Alternatively, we can write in
index form

u(r, t) = ui exp i (|k|ljxj − ωt) (7.3)

where k = |k|li, and li are the cosines of the propagation direction with
respect to the Cartesian axes. The constants ui determine the amplitudes
of motion along cartesian axis xi.

We would like to find solutions for this equation of motion. Specifically,
we would like to relate the phase velocity vp = ω/k to the direction of elastic
wave propagation li, and determine the polarization character of the motion:
in what direction do the atoms move? We can remember that transverse
waves u⊥k, which are shear-like, should have different frequencies from
longitudinal waves u ‖ k, which are tensile/compressive-like.

Solutions of this form will oscillate as a function of time and position.
Thus unless body forces gi are also oscillatory, which is rare, we can neglect
them in the solution, and set gi = 0. The stresses σij relate to the strains
through the stiffness through Eq 6.1,

σij = cijklεkl (7.4)

Substituting in,

ρüi =
∂

∂xj
cijkl εkl (7.5)

with implied sums over j, k, l. Next, from the definition of the tensor
stress in Eq 4.21

εkl =
1

2

(
∂uk
∂xl

+
∂ul
∂xk

)
(7.6)

Eq 7.5 becomes

ρüi =
∂

∂xj

(
∂uk
∂xl

+
∂ul
∂xk

)
cijkl

2
(7.7)

Since the second time derivative yields −ω2ui and the two spatial deriva-
tives yield a factor of |k|2, we have

ρ
ω2

|k|2
ui = lj (lluk + lkul)

cijkl
2

(7.8)
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The two sums are equal because we can reverse the last two indices in
cijkl without changing its value, as shown in Section 6.2.1. Finally,

ρv2p ui = ljllcijkl uk (7.9)

This is Cauchy’s law of motion, the most general form for sound-wave
propagation in a crystal. Note that the displacements ui, uk have three
cartesian components, so there are three equations contained here, each of
which has 27 possible terms (for the sum over three indices in cijkl) in a
triclinic crystal.

7.1.2 Cubic materials

In cubic materials, as we have seen, many of the cijkl terms are zero, and
many are equivalent. We can consider the equation for u1, and expand Eq
7.9:

ρv2p u1 = ljllc1jkl uk (7.10)

We can look first at k = 1. Here,

ρv2p u1 = ljllc1j1l u1 (7.11)

There will be only three terms to this sum, because of the zero values
of the cubic stiffness tensor: jl = 11, for c1111 = c11, and jl = 22, 33, for
c1212 = c1313 = c44:

ρv2p u1 =
[
l21c11 +

(
l22 + l23

)
c44
]
u1 (7.12)

ρv2p u1 =
[
l21c11 +

(
1− l21

)
c44
]
u1 (7.13)

This relationship could be considered generic for the three elements i =
k, here = 1. Next, we can consider a relationship between u1 and u2. Taking
k = 2,

ρv2p u1 = ljllc1j2l u2 (7.14)

Here there are nonzero components only for c1122 (jl = 12) and c1221
(jl = 21).

ρv2p u1 = l1l2 (c12 + c44) u2 (7.15)
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This could be considered generic for the six cases where i 6= k. Carrying
this out for all nine i, k combinations, we have

 [l21c11 +
(
1− l21

)
c44
]

l1l2 (c12 + c44) l3l1 (c12 + c44)
l1l2 (c12 + c44)

[
l22c11 +

(
1− l22

)
c44
]

l2l3 (c12 + c44)
l3l1 (c12 + c44) l2l3 (c12 + c44)

[
l23c11 +

(
1− l23

)
c44
]
 u1

u2
u3


= ρv2p

 u1
u2
u3


The motion for a given set of li can then be solved in terms of eigenvalues

of the left-hand matrix. There will in general be three solutions.

Simplest case: l1 = 1 We can consider sound wave propagation on the
x̂1 axis first. The other directional components l2, l3 are zero. The matrix
simplifies quite a bit:

 c11 0 0
0 c44 0
0 0 c44

 u1
u2
u3

 = ρv2p

 u1
u2
u3


giving us the world’s easiest eigenvalue problem. Here we have, for the

first row,

vp,1 =

√
c11
ρ

(7.16)

Backsubstituting, this solution satisfies motion with u1 6= 0 only, so the
wave is longitudinally polarized (parallel to k̂) on x̂1. The sound wave is a
pure compression wave, just like a sound wave travelling through air. The
other two solutions are identical in velocity,

vp,2 = vp,3 =

√
c44
ρ

(7.17)

corresponding to polarizations on x̂2 and x̂3 respectively. These are pure
shear wave solutions. Shear waves do not exist in liquids or gases.
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7.1.3 Isotropic materials

For the speeds of sound of isotropic materials, we just have to substitute the
stiffness found in Section 6.7.1,

c11 =
E (1− ν)

(1 + ν) (1− 2ν)
c44 =

E

2 (1 + ν)
= µ (7.18)

Substituting in Eqs 7.16 and 7.17,

vp,1 =

√
(1− ν)

(1 + ν) (1− 2ν)

√
E

ρ
(7.19)

Remembering the p−wave modulus M , the isotropic elastic constant for
uniaxial strain, vp,1 and vp,2 can be expressed as

vl = vp,1 =

√
M

ρ
(7.20)

vt = vp,2 =

√
µ

ρ
(7.21)

where we explicitly call out the longitudinal and transverse (or compres-
sional and shear) wave velocities vl and vt.
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Exercises

1. An earthquake strikes the San Francisco Bay Area; how long does it
take for the tremors to be felt in Los Angeles, 600 km away? Assume
that the elastic waves propagate as through bulk (not surface) rock
with density of 2.65 g/cm3 and Young’s modulus of 10 GPa. Calculate
for the P− (primary) wave due to compression and the S−secondary
wave due to shear, assuming a poisson ratio of ν = 0.25.



Chapter 8

Composite elasticity and
anelasticity

8.1 Neglecting Poisson contraction

8.1.1 Isostrain: fibers

Result here is

Ef = VAEA + VBEB (8.1)

8.1.2 Isostress: plates

Result here is

E−1c = VAE
−1
A + VBE

−1
B (8.2)

8.2 Including Poisson contraction

Still a stress σ pulling normal to the plates. Because the sides are free
surfaces, there will be no net force on them,

VAσ
A
⊥ + VBσ

B
⊥ = 0 (8.3)

There will be shear strains keeping the layers together but they are short-
ranged to the edges, so we neglect these. The transverse strains need to be
the same for the material to cohere,
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εA⊥ = εB⊥ (8.4)

The transverse strains are

εA⊥ =
σA⊥
EA
− νA
EA

(
σA⊥ + σ

)
(8.5)

εB⊥ =
σB⊥
EB
− νB
EB

(
σB⊥ + σ

)
(8.6)

Equating the transverse strains,

σA⊥
EA
− νA
EA

(
σA⊥ + σ

)
=
σB⊥
EB
− νB
EB

(
σB⊥ + σ

)
(8.7)

(
1

EA
− νA
EA

)
σA⊥ −

(
1

EB
− νB
EB

)
σB⊥ =

(
νA
EA
− νB
EB

)
σ (8.8)

substituting in to isolate for σB⊥

[(
1

EA
− νA
EA

)
+
VA
VB

(
1

EB
− νB
EB

)]
σA⊥ =

(
νA
EA
− νB
EB

)
σ (8.9)

[
(EB − νAEB) +

VA
VB

(EA − νBEA)

]
σA⊥ = (νAEB − νBEA) σ (8.10)

σA⊥ =
(νAEB − νBEA)VB

VAEA (1− νB) + VBEB (1− νA)
σ (8.11)

and the result for σB⊥ can be found by exchanging indices A,B

σB⊥ =
(νBEA − νAEB)VA

VAEA (1− νB) + VBEB (1− νA)
σ (8.12)

which leaves the denominator unchanged. Next, we can substitute the
transverse stresses into the expression for the normal strain in each layer,
remembering that the normal stresses are equal: σA = σB = σ.

εA =
σ

EA
− 2νA
EA

σA⊥ (8.13)

εB =
σ

EB
− 2νB
EB

σB⊥ (8.14)
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and for the total strain proportional to stress,

ε = VAεA + VBεB (8.15)

ε

σ
= E−1C =

VA
EA

+
VB
EB
−2VAVB
EAEB

[νAEB (νAEB − νBEA) + νBEA (νBEA − νAEB)]

VAEA (1− νB) + VBEB (1− νA)
(8.16)

simplifying,

ε

σ
= E−1C =

VA
EA

+
VB
EB
− 2VAVB
EAEB

(νAEB − νBEA)2

VAEA (1− νB) + VBEB (1− νA)
(8.17)

The third term on the right hand side represents the additional stiffness
due to differential Poisson contraction. The term is always negative, so it
always decreases E−1C and increases the stiffness. As can be seen, for real-
istic parameters (ν = 0.33), the Poisson correction is relatively small. This
expression reduces to the one we found neglecting the Poisson contraction if

νAEB = νBEA (8.18)

8.3 Anelasticity and viscoelasticity

So far, we have considered only elastic displacements, which are entirely
reversible, conserving energy. There has to be some additional term to the
equation of motion for atomic displacements (the Cauchy Equation, Eq 7.9)
which causes elastic waves to die out. Friction is familiar in mechanics,
but we usually think about it as a force which acts at surfaces, between a
rigid body and another medium, expressed through a coefficient of friction
(rolling or sliding friction between solid surfaces, or air resistance.)

There also exists internal friction. When atoms move with respect to
each other in an otherwise well-crystallized solid, energy is lost. If a solid
is well-isolated from its surroundings, when it is strained cyclically, it will
eventually heat up. For small-amplitude motion of atoms within their po-
tential wells, formed by nearest-neighbors in a crystal, energy losses due to
internal friction are relatively small. Internal friction becomes large when
atoms move out of their potential wells.

Energy disssipation / friction implies that there is a time-delayed re-
sponse of the strain to the stress or vice-versa, as we will show. The delayed
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Figure 8.1: Elastic moduli for composites: stress parallel to fibers (isostrain),
stress perpendicular to plates (isostress), neglecting or including the Poisson
contraction (here νA = νB = 0.33.) Assumes EB = 4EA.

response is called ’anelastic’ or ’viscoelastic.’ In this section we will look at
anelastic phenomena from a macroscopic level, and discuss the microscopic
origins later. The models used to describe anelasticity are close to those
used to describe composites.

8.3.1 Shear viscosity

Previously, we considered the bulk shear modulus µ,

σ12 = µγ12 = 2µε12 (8.19)

We can now introduce a shear viscosity, where the shear stress is pro-
portional not to the shear, but the rate of shear

σ12 = η

(
∂γ

∂t

)
→ η ≡ σ12

γ̇
(8.20)

Similarly, we can remember that for an isotropic, incompressible (ν =
1/2) elastic medium, we can write
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µ =
E

2 (1 + ν)
→ E = 3µ (8.21)

σ = 3µ ε (8.22)

Thus we can express the stress - strain rate relationiship through the
shear viscosity,

σi = 3η ε̇i (8.23)

This is an anelastic term in the sense that it depends on time derivatives
of ε; it is also viscous in the sense that it dissipates energy, with a force
opposing the direction of motion. Anelasticity and viscoelasticity are very
closely related.

8.3.2 Discrete-element models

To model solids with anelasticity / visoelasticity, we consider that there
are elastic elements (since some strain is recoverable) and viscous elements
(since the response is not instantaneous), arranged in different ways. Elastic
elements are represented as springs, with associated elastic strain εS and
elastic stress σS ,

εs =
σs
E

→ ε̇s =
σ̇s
E

(8.24)

and anelastic / viscous elements are represented as dashpots, with asso-
ciated anelastic strain εd and anelastic stress σd,

ε̇d =
1

3η
σ (8.25)

Maxwell solids assume the elements bear a load in series (isostress), Voigt
assume the elements to bear a load in parallel (isostrain). The standard
linear solid puts a Voigt element in series with an elastic element.

Voigt solid

For a Voigt solid, the spring and dashpot elements are in parallel, or isos-
train. Now the stresses sum and the strains are equal,

σ = σs + σd (8.26)
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Figure 8.2: Voigt solid (isostrain ε, σ = σs + σd.)

ε = εs = εd (8.27)

Substituting in for the stresses,

σ(t) = Eε+ 3ηε̇ (8.28)

we define a time constant τ as

τ ≡ 3η

E
(8.29)

such that the prior equation is

ε+ τ ε̇ = E−1σ (8.30)

For a constant stress σ(t) = σ1,

ε(t) =
σ1
E

(
1− e−t/τ

)
(8.31)

we will have a long-term strain response reached only after a few time
constants. There is then a delayed response, where the strain lags behind the
strain that would be present in the absence of anelasticity (η = 0). The time
delay of strain is key for irreversibility, as we will see particularly clearly for
the case of cyclic stresses. Energy dissipation is a feature of anelasticity /
viscoelasticity regardless of the specific model.

Maxwell solid

For the Maxwell solid, stress is everywhere the same and the strains sum,

σ = σs = σd (8.32)

ε = εs + εd → ε̇ = ε̇s + ε̇d (8.33)

Substituting in,
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Figure 8.3: Maxwell solid (isostress σ, ε = εs + εd.)

ε̇ =
1

E
σ̇ +

1

3η
σ (8.34)

Two cases are interesting for the Maxwell solid. For a constant stress,
σ(t) = σ1, we can solve for the strain,

ε(t) = ε0 +
σ1
3η
t (σ(t) = σ1) (8.35)

which increases linearly with time, with a strain rate inversely pro-
portional to the shear viscosity. Alternatively, for a constant strain rate,
ε̇(t) = ε̇1,

Eτε̇1 = τ σ̇ + σ (8.36)

σ(t) is solved with

σ(t) = Eτε̇1

(
1− e−t/τ

)
(8.37)

Here τ gives the characteristic time for the stress to increase from zero
to its asymptotic value σ∞ = Eτε̇1.

Standard linear solid

A standard linear solid considers a spring, Eu (unrelaxed modulus), in series
with a Voigt element, characterized by E1 and η. We will designate the Voigt
element as 1 and the spring as u. The two elements are in isostress:

σ = Euεu (8.38)

σ = E1 (ε1 + τ ε̇1) (8.39)

and the total strains sum

ε = ε1 + εu (8.40)

The differential equation for stress and strain can be found by eliminating
ε1 and εu from the above equations and expressing a relationship between
σ, ε, σ̇ and ε̇. We can eliminate εu simply,
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εu =
σ

EU
(8.41)

so
ε1 = ε− σ

EU
(8.42)

and for the strain rates,

ε̇1 = ε̇− σ̇

EU
(8.43)

Rewriting the stress in the Voigt element,

E−11 σ = ε1 + τ ε̇1 (8.44)

E−11 σ = ε− E−1U σ + τ
(
ε̇− E−1U σ̇

)
(8.45)

Next, we can define a relaxed Young’s modulus,

E−1R ≡ E
−1
U + E−11 (8.46)

which leaves

E−1R σ + τE−1U σ̇ = ε+ τ ε̇ (8.47)

This is the general differental equation relating stress, strain, stress rate,
and strain rate.

Step stress: We can now consider the strain response to a step stress,

σ(t) = 0 t < 0 (8.48)

σ(t) = σ0 t ≥ 0 (8.49)

and consider the initial, transient motion, and the equilibrium stress and
strain. When the material is first loaded, the strain is zero, and stress rate
σ̇ is infinite. The Young’s modulus is defined by the unrelaxed term,

ε0 =
σ0
EU

t� τ (8.50)

where the strain ε0 appears instantaneously. In the steady state, the
time derivatives go to zero:

ε∞ =
σ0
ER

t� τ (8.51)
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Figure 8.4: Standard linear solid: spring Eu and Voigt element (E1, η) in
isostress.

Between these limits, the strain responds with a characteristic time τ ,

ε(t) = ε∞ + (ε0 − ε∞) e−t/τ (8.52)

ε(t) = σ0

[
E−1R +

(
E−1U − E

−1
R

)
e−t/τ

]
(8.53)

8.4 Internal friction

8.4.1 Cyclic stress; complex modulus

We can now consider how the standard linear solid behaves under a cyclic
stress. We apply an alternating, sinusoidal stress at frequency ω.

σ(t) = σ0 cosωt (8.54)

which can be represented as

σ(t) = Re
[
σ0e
−iωt] (8.55)

Here σ0 is real-valued: we control the cyclic stress, know its phase, and
set t = 0 to when it is maximized. The strain response will, for stresses not
too large, also respond sinusoidally,

ε(t) = Re
[
ε̃0e
−iωt] (8.56)

where a complex ε̃0 = |ε0|eiδ represents a phase delay of the strain re-
sponse by an angle δ. For positive 0 ≤ δ ≤ π, the strain lags behind the
stress, reaching its maximum value after the stress reaches its maximum
value, delayed by ∆t = δ/ω. We now define the complex Young’s modulus

ε̃0 = Ẽ−1(ω)σ0 (8.57)

Ẽ(ω) = E
′
(ω) + iE

′′
(ω) (8.58)
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Ẽ(ω) = |E|e−iδ = |E|(cos δ − i sin δ) (8.59)

The ratio between the imaginary and real components of the modulus
gives the tangent of the phase delay:

tan δ = −E
′′

E′
(8.60)

where a negative imaginary modulus corresponds to a delayed response.

Relationship of phase delay to energy loss

To consider the work done in cyclic stress, we can imagine first the response
of strain ε to a positive stress σ. We know that the work done on the system,
for increasing strain δε > 0 is

dW = +σ(ε)δε (8.61)

and the work done on the system will tend to increase the internal energy
dU , through the elastic energy. If the stress is released, the system will do
work on the surroundings: δε < 0, and dW < 0, tending to decrease the
internal energy dU . If then we look at loading from σ = 0 to σ = σmax and
back to σ = 0, there will be two contributions to work

W0,σmax,0 =

∫ εmax

0
σ+(ε)δε−

∫ εmax

0
σ−(ε)δε (8.62)

where σ+(ε) is the stress for strain on loading and σ−(ε) is the stress for
strain on unloading. The total work done on the system will be

W0,σmax,0 =

∫ εmax

0
(σ+(ε)− σ−(ε)) δε (8.63)

Clearly, if the response is perfectly elastic, σ = E
′
ε, the integral vanishes,

and no net work is done on the system: as much is stored as is released, since
the elastic response is reversible. For total work to be done on the sample,
there must be some difference in the stress σ±(ε) in loading and unloading.
The difference requires hysteresis: the stress-strain relationship depends on
the stress-strain history.

Moreover, for the total work to be positive, we must have σ+(ε) > σ−(ε).
(We cannot have the total work negative, produced by the system on the
surroundings, according to the second law, unless we add heat.) In other
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words, the stress-strain cycle in the ε − σ plane must go clockwise, as pic-
tured. This implies that the strain is always behind where it would be in
the elastic case: on loading, the strain is lower; on unloading, the strain is
higher.

To extend this reasoning over the full cycle, we can consider the cyclic
integration of terms in the first law,∮

dU =

∮
dW +

∮
dq (8.64)

where q is the heat flow. Of course the internal energy U is a single-
valued function of state variables ε, σ only, and its integration will be zero,
leaving ∮

dq = −
∮
dW (8.65)

so the work done on the system flows out to the surroundings as heat.

Therefore

• a finite phase lag δ implies energy dissipation.

• From the relation in Eq 8.60, an imaginary modulus E
′′

is a frictional
term.

• Because friction can only be positive, E
′′
< 0.

Note that the sign of E
′′

depends on our sign convention for time; for e+iωt

variation, E
′′

would be positive.

Q-factor

We can form a spring out of our viscoelastic material and see how it responds
to a cyclic stress. Our material of interest, with complex modulus Ẽ(ω).
is in the shape of a cylinder: top and bottom surface area A0, length l0.
We impose a cyclic force F0e

−iωt to the bottom surface and place a point-
mass m at the top. The strain ε is uniform: the displacement within the
cylinder (elastic wave) goes as u = u0e

ikx, but in the long-wavelength limit
kl0 � 1, so u = u0kx. The ”spring constant” for the elastic force Fel from
displacement u(L, t) is

Fel(t) = −A0

l0
E
′
u(L, t) (8.66)
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or with F = −ku(L), k = A0E
′
/l0, proportional to the real modulus

with dimensional constants. The dissipative force from the shear viscosity,
acting opposite to the direction of motion and not recoverable, is

Fdiss(t) = −A0

l0
3η
∂u

∂t
(L, t) (8.67)

If we substitute in sinusoidal variations for u(t) = u0e
−iωt, the total force

is

F0,tot = −A0

l0

(
E
′ − 3iωη

)
u0 (8.68)

suggesting that we can represent the complex modulus by

E
′′

= 3ηω (8.69)

We next compare the energy dissipated per cycle to maximum energy
stored. Energy dissipated is

−∆q =

∮
Fdiss(t)du = −A0

l0
3η

∫ 2π/ω

0
<[−iω ũ0e−iωt]<[−iωũ0e−iωt dt]

(8.70)
To evaluate the integral, we can use the trick

<[ab]<[cd] =
1

4
(abcd+ a∗b∗c∗d∗ + abc∗d∗ + a∗b∗cd) (8.71)

where b and d contain the time-dependent part e−iωt. The only terms
which survive the integration are the last two, bd∗ and b∗d, since the others
have sinusoidal components at 2ω and integrate to zero over the cycle. So

−∆q = −A0

l0
3η

2π

ω

1

2
(−iω ũ0) (−iωũ0)∗ (8.72)

−∆q = −A0

l0
π3ηω|ũ0|2 (8.73)

−∆q = −A0

l0
πE

′′ |ũ0|2 (8.74)

We compare this energy dissipated with the maximum energy stored,

Umax =
k

2
|u0|2=

A0

2l0
E
′ |u0|2 (8.75)



8.4. INTERNAL FRICTION 121

The ratio of maximum energy stored to energy dissipated per cycle is
called the Q− factor, or quality factor, of the oscillator:

Q ≡ 2π
Umax
−∆q

= −E
′

E′′
(8.76)

We will refer to the Q−factor more typically as its inverse,

Q−1 = −E
′′

E′
(8.77)

This is the damping of the oscillator.

Q-factor in free oscillation If the spring is given some initial displace-
ment u0, it will oscillate freely at its resonance frequency. It will have an
initial energy U = ku20/2. For low damping, the elastic energy will decrease
per cycle N as

dU

dN
= −Q−1U (8.78)

∂ lnU

∂N
= −(2π)Q−1 (8.79)

So there will be an exponential decay of the elastic energy as a function
of the number of cycles as

U(N) = U0e
−2πQ−1N (8.80)

and since the elastic energy is quadratic in the displacement, we can take
the square root of this equation for the displacement,

u(N) = u0e
−πQ−1N (8.81)

We can now define a characteristic number of cycles, NC , for the spring
to reach 1/e of its initial amplitude:

u(N) = u0e
−N/NC NC ≡ Q/π (8.82)

This could also be expressed as a function of time, since each cycle
requires a period τ = 2π/ω0:

u(N) = u0e
−t/τC τC ≡ Qτ/π (8.83)
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Figure 8.5: Free vibrations of a Si spring at 4.2 K, from McGuigan et al[1].

The higher the quality factor of the spring, the longer it vibrates freely.
The highest Q−factors in mechanical oscillation recorded are Q ∼ 4 × 109

large (∼ 20 cm) bulk quartz crystals. Very pure single-crystal Si can have
similarly high values of Q[1], as shown in Figure [1]. For a frequency ν =
19553 s−1, Q = 2× 109 translates to τC = ·2× 109 · 1/19553 s−1/π ' 9 hrs!
Low temperatures are important for the high Q so that all free electrons can
be frozen out of the system; conduction electrons provide another energy loss
mechanism.

Q-factor in forced vibrations The amplitude under a sinusoidal force
F0e
−iωt is

ũ0 =
F0/m

ω̃2
0 − ω2

(8.84)

ũ0 =
F0/m

ω2
0 (1− iQ−1)− (ω0 + ∆ω)2

(8.85)

ũ0 =
F0/(mω0)

2∆ω − iQ−1ω0
(8.86)

ũ0 =
F0/(4mω0)

(∆ω)2 +Q−2ω2
0/4

(
2∆ω + iQ−1ω0

)
(8.87)
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We take ∆ω1/2 as the circular frequency detuning away from the reso-
nance. The imaginary amplitude (proportional to power dissipation) has a
FWHM in frequency of

2∆ω1/2 = ω0Q
−1 (8.88)

2∆ν1/2 = ν0Q
−1 (8.89)

For the example of the Si single crystal, we would have a frequency
FWHM of 10−7 Hz!

8.4.2 Response of the standard linear solid

We can calculate the sinsoidal response of the response in the limit of small
differences between the relaxed and unrelaxed moduli,

ER ≡ (1−∆)EU |∆|� 1 (8.90)

and ∆ > 0, since the unrelaxed modulus (single spring) is always larger
than the relaxed modulus (which adds a spring in series.) For small ∆, the
reciprocal is

E−1R ≡ (1 + ∆)E−1U (8.91)

from the Taylor series (1+x)−1 ' 1−x. Substituting the cyclic response
into the standard linear solid equation of motion,

E−1R σ + τE−1U σ̇ = ε+ τ ε̇ (8.92)(
E−1R − iωτE

−1
U

)
σ0 = (1− iωτ) ε̃0 (8.93)

Next subsituting in for ∆,

(1 + ∆− iωτ)E−1U σ0 = (1− iωτ) ε̃0 (8.94)[
1 + ∆ (1− iωτ)−1

]
E−1U σ0 = ε̃0 (8.95)

making use of the Taylor series expansion for small ∆ again,

Ẽ(ω) =
[
1−∆ (1− iωτ)−1

]
EU (8.96)

Ẽ(ω) =

[
1−∆

1 + iωτ

1 + ω2τ2

]
EU (8.97)
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Taking the ratio of the imaginary to the real modulus, we see (again for
small ∆)

tan δ = ∆
ωτ

1 + ω2τ2
(8.98)

The phase lag is maximized for ωτ = 1, with maximum value tan δm =
∆/2. Remembering that tan δ = Q−1, we have

Q−1 =
[
Q−1

]
max

2ωτ

1 + ω2τ2
(8.99)

This equation implies that there is a strongly peaked frequency depen-
dence of internal friction. If the frequency of cyclic stress is close to the fre-
quency with which the stress relaxes, the damping is maximized, for ωτ = 1.
If the cyclic stress is at such a high frequency that the relaxation does not
have time to occur, ωτ � 1, the Voigt element bears no strain and does not
dissipate energy. If on the other hand the cyclic stress is applied very slowly
compared with the relaxation time, ωτ � 1, the dashpot element does not
contribute any force to the Voigt element, and all the stress is elastic.

8.4.3 Snoek damping

We have not yet addressed what microscopic, atomic mechanisms can be
involved in viscoelasticity. A classic example, one which is technologically
relevant for steels, was identified by Snoek in 1941[2]. Snoek found that the
damping in steels was proportional to interstitial carbon (C) concentration.
The mechanism is shown in Figure 8.6 a). For stresses σ along the x, y, or
z directions, the energy of C impurities in octahedral sites, initially equal,
changes: if a tensile (compressive) stress is applied along the long axis of
the interstitial site (along the cube edge upon which it sits), its energy
increases (decreases) compared with the interstitial sites of different types.
This creates a chemical potential difference which drives short-ranged C
diffusion: the C atoms hop from one site to an adjacent site.

The diffusion constant (defined as the ratio of atomic flux to concentra-
tion gradient, J = −D∇c) is thermally activated, with

D(T ) = D0 exp−∆H

RT
(8.100)

where R is the ideal gas constant R = NAkB = 8.314 J/mol/K in a
molar basis. The thermal activation of diffusion comes about because the
hopping frequency of the atoms from one site to another is also thermally
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Figure 8.6: Snoek damping, relevant for steels. a) (Left): location of octahe-
dral interstitial sites for small impurities (e.g. C,N,O) in BCC metals (e.g.
Fe, Cr, V.) The different sites (circles, squares, triangles) become lowered
(raised) in energy when a compressive stress is applied along (transverse to)
their edge direction. (Taken from [3].) b) (Right) Snoek’s data, showing a
damping maximum for small percentages of C in Fe (steel) as a function of
temperature, from Ref [2]. The damping is proportional to C concentration
in the steel.
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activated, since the atoms must squeeze through a high-energy state during
the jump,

ν(T ) = ν0 exp−∆H

RT
(8.101)

This hopping frequency can be related to the characteristic time for the
hop, ν = τ−1,

τ(T ) = τ0 exp +
∆H

RT
(8.102)

where we can now equate the hopping time with the relaxation time σ =
Eτε̇. The hopping is irreversible because the jump excites short-wavelength
lattice vibrations of the Fe lattice, which (when propagating to the edges
of the sample) allow heat to flow out of the sample. The relaxation time is
then strongly temperature dependent. Using the mathematical identity

sech [lnx] =
2

elnx + e− lnx
(8.103)

sech [lnx] =
2

x+ 1/x
(8.104)

sech [lnx] =
2x

1 + x2
(8.105)

we can rewrite our damping expression as

Q−1 =
[
Q−1

]
max

sech [lnωτ ] (8.106)

Now substituting in for τ(T ),

Q−1 =
[
Q−1

]
max

sech

[
lnωτ0 +

∆H

RT

]
(8.107)

The sechx function is peaked with maximum value of 1 and FWHM
of ∼ 2.5 at x = 0. For a given frequency, with ωref/2π = 1 Hz taken as
standard, there will then be a temperature Tm for which the damping is
maximum. The temperature for maximum damping is then given by

lnωrefτ0 +
∆H

RTm
= 0 (8.108)

and we can rewrite the damping expression as

Q−1 =
[
Q−1

]
max

sech

[
∆H

R

(
1

T
− 1

Tm

)]
(8.109)
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From the tables in Blantner, p. 16, we have for C in α−Fe,
[
Q−1

]
max

=
0.215, Tm = 314 K, τ0 = 1.89 fs, and ∆H = 83.7 kJ/mol. We can calculate
the damping under two conditions of interest:

• ν = 1 Hz, T = 295 K. At room temperature, the damping will be
different from its maximum at 314 K. We have:

Q−1

[Q−1]max
= sech

[
83700

8.314

(
1

295
− 1

314

)]
= 0.25 (8.110)

so that the damping is one quarter as strong at room temperature as
it is at its maximum.

• ν = 440 Hz, T = 295 K The reference tone near the middle of
a piano, A4, is tuned to this frequency. This tone is the resonant
frequency of a steel string (piano wire) placed under tension, produced
by striking the string with a hammer. Now at room temperature,

Q−1

[Q−1]max
= sech

[
ln 2π 1.89 fs 440 s−1 +

83700

8.314 295

]
= 5.8× 10−4

(8.111)

For 0.5% atomic of interstitial C in Fe, representative for piano wire,
there would be Q−1 = 6.2×10−5 contributed by the Snoek mechanism.
We can convert this to a decay time for the amplitude vibration of
τC = Q/(πν) = 1./(π440 s−16.2 × 10−5) of 11.6 s; the decay time for
the sound (varying as the square of the amplitude) is roughly 5.8 s
according to our estimate.
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Exercises

1. Compare the effective Young’s modulus for a 10% volume fraction of
hard material A in a matrix of soft material B, EA = 10EB, in two
geometries:

• Fiber geometry (long axes of fibers along stress)

• Plate geometry (composition modulation in direction of primary
stress), neglecting Poisson contraction

• Plate geometry (composition modulation in direction of primary
stress), including Poisson contraction. Take νA = 0.3,νB = 0.45.

2. Derive a relationship for the Young’s modulus of plates in the x1− x2
plane, σ1/ε1 where the primary stress σ1 is applied along one of the
in-plane directions of the plate. Express your answer in terms of the
volume fractions VA, VB and isotropic elastic constants EA, EB, νA, νB.

3. Consider a model of a viscoelastic solid in which a Maxwell element
(Ea, η) is in parallel (isostrain) with an elastic element Eb. Derive the
equation of motion relating ε, σ, ε̇, σ̇. Solve for the Young’s modulus
in the t = 0+ and t =∞ limits, and plot the stress σ as a function of
time under a step stress.

4. The elongation of a cylinder of slightly viscoelastic material is found
to be 1 % greater for a step stress σ0 measured after 1 day compared
with after 100 fs. If the viscoelasticity of the cylinder is dominated by
a single defect with a single relaxation time, what will be the shortest
time for a spring made from this material set into free vibration to
decay to 10% of its initial amplitude, if measurements are taken for a
full range of masses applied to the end of the spring?

5. The notes on a piano span a range from 27.5 Hz to 4186 Hz. The A keys
are tuned to 440 Hz for A4, with each octave doubling in frequency
in the following sequence: 27.5, 55, 110, 220, 440, 880, 1760, 3520
Hz for A1-A8 on the keyboard. Plot (using python) as a function
of frequency over A1 − A8 the sustain time for a given note struck
on the piano, defined as the time needed for the volume (square of
amplitude) to decay to 1/e its initial value. Use a logarithmic scale
for the frequency. Make your estimate a) assuming that the Q value
for the oscillation is that for A4 as calculated in the lectures, b) taking
into account the frequency dependence of Q expected for piano wire.
Does the result seem reasonable?
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Chapter 9

Introduction to plasticity:
tensile

For small enough stresses σ, applied slowly enough (ω → 0 limit), on any
crystalline material, the strain response ε will be fully elastic. Strains are
reversible: when σ is reduced to zero, the strain also goes to zero, and the
material regains its initial shape. No energy is lost to heat in this kind of
response. Fortunately, elasticity is not the whole story. For stresses larger
than a critical value, applied to a metal, the strain becomes permanent,
or plastic. Plasticity (or ductility) is one of the most useful engineering
properties of metals: it allows us to form metals into shapes by applying
enough pressure, through hot-rolling, drawing, etc. Ceramics are usually
brittle at room temperature: they simply fracture when the stress is too
large. (At elevated temperatures, ionic compounds too can have a plastic
strain response.) In this section we will look at some basic phenomenology
of plasticity in metals, expressed in a tensile test.

9.1 Engineering stress and engineering strain

Up until now, we have concerned ourselves with true stress and true strain,
but the engineering quantities s and e are the one which are measured
directly in tensile tests and more relevant for service.

9.1.1 Engineering stress s

The true stress for a material bearing a load P is

131
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σ =
P

A
(9.1)

where A is the cross sectional area of the material at that stress, A =
A(σ). For a cylinder under simple tension along the axial direction ε3, there
will certainly be a Poisson contraction of the area,

∆A

A0
= ε1 + ε2 (9.2)

∆A

A0
= −2νε3 (elastic) (9.3)

but it will be negligible in metals because the elastic strains are never
large. Taking an example of a very strong material, piano wire (high-carbon
steel, cold-drawn) with σy ' 3 GPa, E ' 210 GPa, the elastic strains are
ε3 ' σy/E ' 1.5%, and with ν = 0.33, the area shrinks only by 1%. Just
considering the elastic response, the difference between the true stress and
the engineering stress s,

s ≡ P

A0
(9.4)

is negligible. While constitutive relations between stress and strain
σ = σ(ε) always relate the true stress and true strain, we are much more
interested in the engineering stress for applications. We would like steel
beams to support their loads P in service. We know the area A0 the beams
had when we put them into service and do not much care about (and cannot
easily know) their area under loading A(σ).

9.1.2 Engineering strain e

The engineering strain

e ≡ ∆L

L0
∆L = Lf − L0 (9.5)

tells us about the elongation of the beam to a final length Lf , normalized
to its initial length L0. The difference with the true strain,

δε ≡ δL

L
= d lnL (9.6)

becomes important only for large strains. Going from an initial length
L0 to a final length Lf , the true strain integrates to
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L0 L1 L2 L3 (m)

1.0 1.1 1.21 1.321

Table 9.1: Sequence of 10% strains from L0 to Lf = L3.

ε0,f = ln
Lf
L0

(9.7)

For the engineering strain,

e0,f =
Lf − L0

L0
(9.8)

Lf
L0

= 1 + e0,f (9.9)

so true strain is related to engineering strain through

ε = ln (1 + e) (9.10)

In the limit of e� 1, there is no difference: ln (1 + x) ' x for small x.

Engineering strains do not sum The true strains have the convenient
property that if we sum a series of smaller strains, going from e.g. L0 to Lf
in three steps L1, L2, L3, as shown, their sum is the same as the total strain.
Consider a sequence of three elongations, each by 10%, as presented in Table
9.2. Each engineering strain ei,i+1 = (Li+1−Li)/Li is 10%, so that the sum
of the engineering strains is 0.3. However, if we take the engineering strain
from start to finish, e03 = 0.321, and

e03 6= e01 + e12 + e13 (9.11)

True strains, on the other hand, can be summed

ε01 + ε12 + ε23 = 3 ln 1.1 = ln 1.13 = ε03 (9.12)

9.2 Volume conservation in plasticity

Empirically, when a metal begins to flow under an applied stress, its total
volume is approximately conserved, to a precision of ∼ 10−3. This means
that we can write
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AL ' A0L0 (9.13)

Thus for any plastic elongation ∆L, there will be a reduction in area.
We can define a fractional reduction in area q as

q ≡
A0 −Af
A0

(9.14)

so volume conservation implies

(1− q)A0 (1 + e)L0 ' A0L0 (9.15)

(1− q) (1 + e) ' 1 (9.16)

− q + e− qe = 0 (9.17)

q =
e

1 + e
(9.18)

The effect of this reduction in area is that plastic flow can be very un-
stable. Plastic flow starts locally, where some imperfection (typically at
the surfaces) concentrates stress. This section elongates (∆L > 0) and be-
comes narrower (∆A < 0) transverse to the stress. For fixed load P , the
stress σ = P/A increases due to the reduction in area. This increased stress
causes more plastic flow, further decreasing the area, in a positive feedback
loop. In the absence of any countervailing tendency of the metal to become
stronger under deformation, the plastic deformation would immediately be-
come unstable and the sample would fail catastrophically.

Estimating the stress at failure is most convenient through the area,
since the area reduction q can be measured post-mortem, locally, where the
sample fractured. From Af = (1− q)A0

σ =
s

1− q
(9.19)

Equivalently, if the elongation can be measured accurately in the vicinity
of the plastic deformation, we can relate true stress and true strain as

σ = s (1 + e) (uniform) (9.20)

This equation together with Eq 9.10 allows us to convert from the engi-
neering stress and strain to true stress and strain in an experiment. Using
Eq 9.10, Eq 9.20 can be expressed as
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Metal Condition n K (MPa)

Cu annealed 0.54 33

Cu70Zn30 (brass) annealed 0.49 92

0.6% C steel quenched and tempered at 704◦ C 0.19 125

0.6% C steel quenched and tempered at 534◦ C 0.10 160

Table 9.2: Tabulated strength coefficients K and strain hardening exponent
n for different metals, processed different ways. From Dieter.

σu = su e
εu (9.21)

where the u subscript denotes uniform deformation near the ultimate
stress.

9.3 The flow curve

Experimentally, it is often found that the true stress - true strain relationship
for a metal in the plastic regime is followed by

σ = K εnp (9.22)

where εp is the plastic strain, K is the strength coefficient, in Pa, and n is
the dimensionless strain hardening exponent. Two limits can be considered
for n. If n = 0, the material is perfectly plastic: increasing strain requires no
increase in stress. In this limit, the material does not harden at all during
deformation. If n = 1, the material is perfectly elastic, σ0 is zero, and
K ∼ E. Otherwise, this relationship neglects elasticity. At the yield point,

σy = Kεnp,y (9.23)

where is a conventionally defined amount of plastic strain. In the USA,
the convention for σy is εp,y = 0.002.

The strain hardening coefficient n determines how much the metal strength-
ens as a result of plastic deformation. The metal becomes increasingly
stronger with increasing plastic deformation ε because of the peculiar be-
havior of the line defects (dislocations) which dominate plasticity. We will
pay greater attention to the microscopic behavior of dislocations in following
chapters.

Taking a derivative of Eq 9.22 with respect to strain,
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∂σ

∂ε
= nK εn−1 (9.24)(
∂σ

∂ε

)
= n

σ

ε
(9.25)

9.3.1 Instability in tension: Considère’s criterion

As described in Section 9.2, the stress σ can increase at fixed load, and fixed
engineering stress s, because the area in the region of plastic flow begins to
drop. This phenomenon is called ”necking” because of the appearance of
the reduced area / increased elongation region. Strain hardening turns out
to be essential to keep the metal from failing immediately, as soon as plastic
deformation begins. However, there will be still be a maximum load Pu that
the sample can bear. For this load, the weakening tendency of reducing the
cross-sectional area balances with the strengthening tendency of the work
hardening. At the instability (

∂P

∂e

)
e=eu

= 0 (9.26)

where the derivative is positive (strain hardening) for strains below the
maximum and negative (weakening) for strains above the strain at maximum
load eu. We can express

dP = d(σA) = 0 (9.27)

0 = σdA+Adσ (9.28)

dA

A
= −dσ

σ
(9.29)

However, from conservation of volume,

d (AL) = 0 (9.30)

dA

A
= −dL

L
(9.31)

dA

A
= −dε (9.32)

Thus (
∂σ

∂ε

)
ε=εu

= σu (9.33)
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Figure 9.1: Illustration of tension test in plastic regime; stress in MPa,
assuming K = 100 MPa, n = 0.5. The instability point from Eq 9.39 is
illustrated.
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This is Considère’s criterion. Expressed graphically, it means that if we
draw a tangent to the σ(ε) curve and extrapolate it to σ = 0, the distance
in strain from the point at which we take the tangent to the ε axis intercept
is equal to 1 for ε = εu. To see this, we can take the first Taylor series
approximation to σ(ε) about a point ε0

σ(ε) ' σ(ε0) +

(
∂σ

∂ε

)
ε=ε0

(ε− ε0) (9.34)

Clearly this is a good approximation only for small deviations ε− ε0, but
that is not important here. This relation extrapolates to σ = 0 at a strain
ε1:

− σ(ε0) =

(
∂σ

∂ε

)
ε=ε0

(ε1 − ε0) (9.35)

Compare with Considère’s criterion,(
∂σ

∂ε

)
ε=εu

= σu (9.36)

If we have taken the tangent from the instability point, ε0 = εu, then we
can substitute in

σ(εu) = σu (εu − ε1) (9.37)

Thus we can identify the instability point, εu, as the point from which
the distance in strain to the intercept is 1, εu − ε1 = 1.

This gives us a graphical means to determine the strain-hardening ex-
ponent n. We can equate the derivative on the left hand side with the
stress-strain relationship from strain hardening in Eq 9.25:

n
σu
εu

= σu (9.38)

which means that the strain hardening exponent can be identified from
the strain at maximum load,

n = εu (9.39)

or from the engineering strain at maximum load eu,

n = ln (1 + eu) (9.40)
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Exercises

1. For a cylinder of power-law strain hardening metal, loaded along its
axis by P and characterized by strength coefficient K and strain-
hardening exponent n, with initial diameter D0, derive an expression
for the maximum load Pu in terms of K,n and D0.
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Chapter 10

Forces on a dislocation

10.1 Edge dislocation under simple shear

The simplest dislocation force to calculate is that acting on an edge dislo-
cation under simple shear. We will consider a crystal with top surface area
Aẑ, with dimensions of the dislocation line l in x̂ and s in ŷ, A = l · s, the
dislocation glide plane parallel to the top surface, with normal ẑ (and area
A).

If a dislocation inside the crystal, with dislocation line l terminating at
the crystal edges, moves by some distance less than that required to reach
the sample edge, there will be no macroscopic plastic shear. The atoms will
have rearranged themselves inside the crystal, but there will be no external
evidence of this except as revealed by etch pits. However, if the dislocation
line glides all the way to the edge of the crystal, there will be a net shear
displacement of the top of the crystal with respect to the bottom (for a
positive edge dislocation, ⊥, with the extra half plane pointing in +ẑ) by
an amount b.

The work δW done in the plastic shear displacement is

δW = ftop · δx (10.1)

where ftop is the total force acting on the top surface of the crystal and
δx is the distance through which the top surface moves. Since the required
shear is τzy, the force ftopŷ and the displacement δx = bŷ, so

δW = τzyA b (10.2)

However, we can equate the work done on the crystal for plastic shear
with the work done on the dislocation,

141
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δW = fd · (sŷ) = fds (10.3)

where sŷ is the glide vector and fd is the (collinear) force acting on the
dislocation. Equating the two expressions for work, the force acting on the
dislocation per unit length is

fd
l

= τzy b (10.4)

scaling proportionally with the shear, which figures, and the Burgers
vector, which is more surprising.

10.2 Mixed dislocation under arbitrary σ: Peach-
Koehler formula

This derivation can be extended to an arbitrary (mixed) dislocation line un-
der an arbitrary stress [σ]. This was done by Peach and Koehler in 1950[1]
Here we consider a differential element of the dislocation line δl = δl̂l, slip-
ping by a differential distance δs = δs ŝ. The unit vectors l̂ and ŝ are
orthogonal since dislocation lines can move only normal to their direction l̂.

In evaluating the equivalent of Eq 10.1, the work on external surfaces,
for arbitrary stress [σ], the force is [σ] δA, where δA = δs δl l̂ × ŝ is the
differential area element uncovered by the slip.

δW = b ·
[
[σ]
(̂
l× ŝ

)]
δs δl (10.5)

Since the matrix [σ] is symmetric, it can be pulled outside

δW = ([σ] b) ·
(̂
l× ŝ

)
δs δl (10.6)

The matrix product is a scalar triple product, and a1 · (a2 × a3) =
a3 · (a1 × a2)

δW = ŝ · ([σ] b)× l̂ δs δl (10.7)

This work can be equated with the work done on the dislocation

δW = ŝ · fd δs (10.8)

Then for the force on the dislocation,
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fd
δl

= ([σ] b)× l̂ (10.9)

Force on an edge dislocation We can see that the Peach-Koehler for-
mula given reduces to the form given previously for an edge dislocation
under simple shear. Taking b = bŷ, [σ] = σyz = σzy = τ , and l̂ = x̂

[σ] =

 · · ·· · τ
· τ ·

 → fd
δl

=

 · · ·· · τ
· τ ·

 0
b
0

× l̂ (10.10)

fd
δl

= τb
(
ẑ× l̂

)
(10.11)

For l̂ = x̂,

fd
δl

= τb ŷ (10.12)

as shown before.

Glide force on a dislocation loop What about a dislocation loop under
the same shear? In a dislocation loop, the Burger’s vector b always has the
same value, but the dislocation line vector l creates a closed circuit. If the
loop is a circle centered at the origin of the xy plane, on the right hand side
viewed along −ẑ, positive in ŷ, the dislocation undergoes a positive force.
On the opposite (-ŷ) side, the value of l̂ is opposite, so there will be an equal
and opposite glide force on that side.

On the ±x̂ axis, b ‖ l. Here the dislocation is of pure screw type. At
+x̂, l̂ = −ŷ. The Peach-Koehler formula evaluates to

fd
δl

= −τb (ẑ× ŷ) = +τb x̂ (10.13)

and the glide force on the opposite side of the loop, with l̂ = +x̂, is
equal and opposite. In this way, a circular dislocation loop under simple
shear experiences a uniform radial force which tends to expand it uniformly,
for positive shear, or contract it uniformly, for the opposite sense of shear.
We saw how the expansion of a dislocation loop is an important step in
the generation of net plastic flow (dislocation creation) from a Frank-Read
source.
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Dislocation climb Next, we can consider the simple edge dislocation
under uniaxial compression along the Burgers vector direction, [σ] = σyy =
−σ. The Peach-Koehler formula is now

[σ] =

 · · ·
· −σ ·
· · ·

 → fd
δl

=

 · · ·
· −σ ·
· · ·

 0
b
0

× x̂ (10.14)

fd
δl

= +σb ẑ (10.15)

and as described before, the compression tends to push the additional
half-plane up, and out of the crystal.

10.3 Strain fields and self-energy of dislocations

The atoms surrounding the core of a dislocation, and extending some dis-
tance away, are displaced from their equilibrium positions. Elastic strain is
then built up around a dislocation, as a function of distance r away from a
straight, infinitely long dislocation line. We will find the strain fields ε(r) for
straight dislocations of screw and edge type. Since the elastic strain energy
is quadratic in strain at any point, a finite elastic energy (self-energy) is
associated with the dislocation.

10.3.1 Screw dislocation

For a screw dislocation, the strain can be found relatively straightforwardly.
The material surrounding the core is under pure shear. We can take a cylin-
der of material with axis along the direction of the dislocation line l̂ and
Burger’s vector b, collinear for a screw dislocation. The atomic displace-
ments will be zero in the x and y directions.

In cylindrical coordinates (r, θ, z), the atomic displacement increases pro-
portionally to θ, the winding angle around the screw dislocation:

uz = b

(
θ

2π

)
(10.16)

so, as the sub-atomic bug walks around the dislocation line, continuously
increasing θ as θ = ωt, he continuously ascends. Each revolution sends him
futher by an amount of the Burger’s vector, b. (At this rate, it will take
him a while.) His progress does not depend on how far away he is from the
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Figure 10.1: Atomic arrangements near a screw dislocation. From Hull.

Figure 10.2: Elastic energy of a screw dislocation. From Hull.

dislocation core: this expression is independent of r. Expressed in Cartesian
coordinates, with tan θ = y/x,

uz =
b

2π
tan−1 (y/x) (10.17)

For the strains,

εzi =
∂uz
∂xi

(10.18)

εzx =
1

2

∂uz
∂x

εzy =
1

2

∂uz
∂y

εzz =
∂uz
∂z

(10.19)

Clearly, εzz = 0. For the shear components, from

∂

∂x
tan−1

(x
a

)
=

a

a2 + x2
(10.20)
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εzx =
∂uz
∂x

=
b

4π

−y
x2 + y2

→ εzx = − b

4π

sin θ

r
(10.21)

εzy =
∂uz
∂y

=
b

4π

x

x2 + y2
→ εzy =

b

4π

cos θ

r
(10.22)

These can be combined in cylindrical coordinates through

θ̂ = − sin θx̂ + cos θŷ (10.23)

to

εzθ =
b

4π

(
1

r

)
(10.24)

The most important feature is that the strain falls off as 1/r, the inverse
distance away from the dislocation core.

Shear stress and strain energy

Shear stresses relate to shear strains only through the on-axis stiffnesses,
σ4 = c44ε4, σ5 = c55ε5, σ6 = c66ε66, for cubic or isotropic materials. For
simplicity we will consider only isotropic materials here, so

σzθ(r) = 2Gεzθ(r) (10.25)

σzθ(r) =
Gb

2π

(
1

r

)
(10.26)

It then becomes possible to calculate the elastic strain energy associated
with the screw dislocation, integrating over the volume:

Us =

∫ 2π

0
dθ

∫ ∞
0

dr r
1

2
(σzθ(r)εzθ(r) + σθz(r)εθz(r)) (10.27)

Because the σij and εij tensors are symmetric, the two terms are equal,
so

Us =

∫ 2π

0
dθ

∫ ∞
0

dr rσzθ(r)εzθ(r) (10.28)

Us = 2π

∫ ∞
0

dr r
Gb

2π

(
1

r

)
b

4π

(
1

r

)
(10.29)
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Figure 10.3: Elastic energy of an edge dislocation. From Hull.

Us =
Gb2

4π

∫ ∞
0

dr

r
(10.30)

The limits for the integral are subtle. The integral diverges for r → 0,
so we take a cutoff radius Rc. Physically this can be justified by the fact
that the displacements of the atoms right around the core are not absolutely
constant. The cutoff is on the order of five atomic spacings (Rc ' 1 nm).
On the high side, the radius will be bounded by the physical dimensions of
the sample. If the sample has a volume V , the average < Rmax > would be
R ∼ 0.5V 1/3.

Us =
Gb2

4π
ln
Rmax
Rc

(10.31)

The term in the logarithm is relatively slowly varying with size. The most
important part to see is the prefactor. The elastic energy of a dislocation is
greater in stiffer material, proportional to G, and proportional to the square
of the Burgers vector b. Therefore it will be energetically favorable for a
dislocations to dissociate into smaller dislocations b1,b2 which achieve the
same displacement, with b = b1 + b2. If b1 = b2 = b/2, the elastic self-
energy is cut roughly in half.
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10.3.2 Edge dislocation

For an edge dislocation, we can again take the dislocation line along l = ẑ.
Now the Burgers vector has to be orthogonal to l, and we take b = +bx̂.
For a clockwise circuit around l (right-handed sense), Burgers vector drawn
from finish to start, this corresponds to the additional half-plane extending
to −ŷ.

Now the atomic displacements, in the direction of b, will be in the x̂
direction, and there will be no variation of the displacements in the ẑ direc-
tion. The solution for the displacements is not as simple as for the screw
dislocation case because a function like ux = bθ/2π cannot not satisfy the
elastic equilibrium equations Eq 7.7, so additional terms are added in. (A
full derivation for ui near the edge dislocation is given in Weertman’s text[2],
pp. 37-8.)

10.3.3 Shear stress and strain energy

We will skip over the relatively complicated expressions for the displace-
ments and just write the result for stresses. The result for the stresses σ
associated with the dislocation is relatively simple, however, very closely
related to those in Eq 10.26. For the shear component,

σrθ = − Gb

2π (1− ν)

cos θ

r
(10.32)

where the result is nearly identical except for the factor of 1 − ν. Ad-
ditionally, there is a dependence on θ such that the shear is maximum in
the xz plane, and minimum in the additional half-plane of the dislocation
at θ = ±π/2. Unlike the case for the screw dislocation, there are also axial
stresses:

σrr = σθθ =
Gb

2π (1− ν)

sin θ

r
(10.33)

Here there is a tensile stress for +b, with the additional half-plane ex-
tending to −ŷ, above the xz plane (θ = π/2) and a compressive stress below
the xz plane (θ = −π/2). Additionally, there is even an axial stress along
the dislocation line, due to the poisson expansion / contraction:

σzz =
Gνb

π (1− ν)

sin θ

r
(10.34)
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Elastic self-energy Summing the elastic energies for the different terms
leads to a result for the self-energy of the edge dislocation which is very
similar to that of the screw dislocation,

Ue =
Gb2

4π(1− ν)
ln
Rmax
Rc

(10.35)

where the only difference is the Poisson ratio term, which will tend to
increase the energy of the edge dislocation by about 30% compared with
that of the screw dislocation; see e.g. Hull[3], chapter 3.

10.3.4 Stress in Cartesian coordinates

Next, we can convert these shears to the xy coordinate system through

axr = cos θ ayr = sin θ axθ = − sin θ ayθ = cos θ (10.36)

so

σxx = a2xrσrr + a2xθσθθ + 2axraxθσrθ (10.37)

where the factor of two is from the symmetric σθr component. The other
stresses in Cartesian coordinates are

σyy = a2yrσrr + a2yθσθθ + 2ayrayθσrθ (10.38)

σxy = axrayrσrr + axθayθσθθ + (axrayθ + axθayr)σrθ (10.39)

substituting,

σxx =
Gb

2π (1− ν) r

(
a2xr sin θ + a2xθ sin θ − 2axraxθ cos θ

)
(10.40)

σxx =
Gb

2π (1− ν)

sin θ

r

(
1 + 2 cos2 θ

)
(10.41)

similarly

σyy =
Gb

2π (1− ν)

sin θ

r

(
1− 2 cos2 θ

)
(10.42)

σxy = − Gb

2π (1− ν)

cos θ

r

(
cos2 θ − sin2 θ

)
(10.43)
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In tensor form,

[σ] =
Gb

2π (1− ν)

1

r

[
sin θ

(
1 + 2 cos2 θ

)
cos θ

(
sin2 θ − cos2 θ

)
cos θ

(
sin2 θ − cos2 θ

)
sin θ

(
1− 2 cos2 θ

) ]
(10.44)

10.3.5 Force between two edge dislocations

We can now see what the force between two dislocations will be. We can
think of this as like the force between two charged particles: if we place
one charge at the origin and consider it fixed, we can calculate the force on
another charge some distance r away. Now, we place one dislocation at the
origin; the elastic stress fields it produces at x = r cos θ, y = r sin θ will be
as given in Eq. 10.44. The orientation of the burgers vector and dislocation
line 1, b1 and l1, compared with those of the dislocation upon which we
would like to calculate the force, b2 and l2, is important; we will take the
case where the dislocation lines are parallel and on l = ẑ, and the Burgers
vectors are equal, b1 = b2 = bx̂.

Sign convention for Peach-Koehler formula : Here we follow the sign
convention for l,b: positve b is the direction of the f → s vector (linking
finishing point to starting point) found taking a right-handed Burgers circuit
(clockwise looking down the vector) about positive l. Therefore, for l = ẑ,
b = bx̂, b > 0 means that the additional half-plane of atoms extends to −ŷ.
In the example taken for a simple shear previously, the force pushed the
additional half-plane in the direction of the shear force on its nearest face.
Therefore this force needs to be negative for this sign convention and we
write

fd
δl

= − ([σ] b)× l̂ (10.45)

with an inverted sign. Evaluating Eq 10.45,

fd
δl

= − Gb

2π (1− ν)

1

r

[
sin θ

(
1 + 2 cos2 θ

)
cos θ

(
sin2 θ − cos2 θ

)
cos θ

(
sin2 θ − cos2 θ

)
sin θ

(
1− 2 cos2 θ

) ] [
b
·

]
×ẑ

(10.46)

= − Gb2

2π (1− ν)

1

r

[
sin θ

(
1 + 2 cos2 θ

)
x̂ + cos θ

(
sin2 θ − cos2 θ

)
ŷ
]
× ẑ

(10.47)
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fd
δl

=
Gb2

2π (1− ν)

1

r

[
cos θ

(
cos2 θ − sin2 θ

)
x̂ + sin θ

(
1 + 2 cos2 θ

)
ŷ
]

(10.48)

A vector plot of the forces is shown in Figure 10.4. Here X is the
dislocation-dislocation distance in the slip plane and Y is the dislocation-
dislocation distance out of the slip plane. There are several points to notice
in the plot:

• The force in ŷ is positive for Y > 0 (above the slip plane) and negative
for Y < 0 (below the slip plane), so same-sign dislocations always repel
each other normal to the slip plane.

• The glide force is zero in the slip plane for dislocations above or below
each other, as shown with the vertical black solid line (Fy = 0 line).

• The glide force is also zero in the slip plane for dislocations at 45◦

angles to each other, even though a normal force remains, as shown
with the orthogonal black solid lines.

• Dislocations separate in x̂ (in slip plane) if they separated more in the
slip plane than they are out of the slip plane, but approach each other
x̂ if they are separated by more out of the slip plane than they are in
the slip plane.

This approach can be extended for other geometries of dislocations (screw-
edge, edge-edge with different Burgers vectors, etc.)

10.4 Line tension force

Whenever there is a bend in a dislocation line, elastic energy will tend to
straighten it out. The (positive) elastic energy per length of dislocation line,
expressed in Ue or Us, implies that the dislocation will seek to minimize its
length to decrease its energy. Increases in length will be opposed by a line
tension T = U , in units of force (N),

T ' Gb2

4π
ln

R

Rmin
(10.49)

where we have neglected any effect of the Poisson ratio ν or distinction
between edge and screw dislocations.
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Figure 10.4: Vector plot of forces on a long, straight edge dislocation, b = bx̂,
located at (X,Y ), from a long, straight parallel edge dislocation at (0, 0).
Both dislocations have l = ẑ. The dotted black line shows where the Y−force
is zero (normal to slip plane); the solid black lines show where the X− force
is zero (in slip plane.)



10.4. LINE TENSION FORCE 153

Figure 10.5: Line tension T creating a transverse force on a curved segment,
length L, radius of curvature ρ.

The line tension is the one-dimensional analog of surface tension, as
expressed in e.g. a soap bubble, which reduces its surface area by forming a
sphere. The dislocation will attempt to remain straight unless it encounters
some force transverse to l.

We can consider a curved segment of dislocation line as pictured in Figure
10.5. For a given length L, with radius of curvature ρ, there will be a force
acting transverse to the length at the two boundaries, due to the curvature.
Here the downward force at the two sides is

Fy = −2T sin θ (10.50)

Fy ' −2T
L/2

ρ
(10.51)

Fy
δl
' −T

ρ
(10.52)

In order for the dislocation to remain stationary, there must be an equal
and opposite force acting on the dislocation length in the positive ŷ direction.

Example: Frank-Read source We can now consider an edge disloca-
tion, length L on ẑ, Burgers vector b = bx̂, pinned at both ends. If a shear
stress σxy is exerted on the crystal, there is a glide force on the dislocation
which opposes the line tension,
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σxyb =
T

ρ
(10.53)

σxy = α
Gb

ρ
α ≡ lnR/Rmin

4π
(10.54)

The α parameter can be taken to be α ∼ 1. The expression says that the
curvature of the dislocation line will be proportional to the applied shear,
at least for small shears.

Elastic energy of a bent line A bend in the dislocation line also pro-
duces a small reduction in the line tension. In the limiting case of a disloca-
tion loop, outside the loop, the elastic stress from the dislocation will drop
off rapidly with increasing distance. The stress at any point will be the sum
of opposite-sign components from opposite sides of the loop, because the
sense of l̂ reverses with respect to fixed b. So, integrated over all distance,
the elastic energy will be lower, creating an upper limit Rmax which is lower
than the sample dimensions.

This rapid decrease with distance can be seen most easily for the stress
from two parallel screw dislocations with equal Burgers vector b1 = b2 = bẑ
and opposite line vector l̂1 = −l̂2 = ẑ. We can assume that they are
separated in x̂ by d, so that dislocation 1 is at x = −d/2 and dislocation 2
is at x = d/2, and consider the sum

σ(x) = σ1(x) + σ2(x) (10.55)

σ(x) =
Gb

2π

(
1

x− d/2
− 1

x+ d/2

)
(10.56)

σ(x) =
Gb

2π

1

x

[(
1− d

2x

)−1
−
(

1 +
d

2x

)−1]
(10.57)

For distances x far away from the dislocation pair, x � d, Taylor-
expanding,

σ(x) ' Gb

2π

1

x

(
1 +

d

2x
− 1 +

d

2x

)
(10.58)

σ(x) ' Gbd

2πx2
(10.59)

We can see that the stress from this ”dislocation dipole” drops off in dis-
tance r from the dipole as r−2, whereas it drops off inverse in distance from
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a single infinitely straight dislocation as r−1. Calculation of the full stress
field from the loop, or from a curved segment, would be more complicated,
but it is clear that the stress field from a loop (localized to a radius ρ rather
than infinitely long) would drop off even more rapidly with distance.

The greater containment of the elastic fields from a curved segment can
be approximated by taking the radius of curvature as the upper limit of
integration

Rmax → ρ (10.60)

and if we take the dislocation core radius as

R0 = 5b (10.61)

the elastic energy Us and tension T will be

T ∼ Gb2

4π
ln

ρ

5b
(10.62)

This expression ignores any difference in the edge and screw dislocation
energies from the Poisson ratio.

10.5 Point-defect interactions: chemical forces

The lattice is strained near the dislocation. For a distance r away from an
edge dislocation, l̂ = ẑ, b = b x̂, there is compression and tension in the
glide plane, transverse to the line, as

σxx =
Gb

2π (1− ν)

sin θ

r
(10.63)

where the additional half-plane for this sign of b comes in from the
bottom, extending to y = −∞. Above the glide plane, 0 ≤ θ ≤ π, the
lattice is in tension; below the glide plane, π ≤ θ < 2π, it is in compression.

Point defects will tend to have preferred sites near the dislocation line,
depending upon whether they expand or contract the lattice:

• Vacancies can relieve compression by diffusing towards the additional
half-plane (−y) below the dislocation line, as close as possible from the
1/r dependence.

• Interstitial impurity atoms, such as C or N in Fe, can relieve ten-
sion by filling the empty space above the additional half-plane (+y).
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• Substitutitional impurity atoms, such as Ni impurities in a Au
host (or Au impurities in a Ni host) will find preferred sites depending
upon their size relative to the host (ri > r diffuses above, ri < r
diffuses below.)

Point defects find their equilibrium positions near the dislocation line
through diffusion. Typically, at room temperature, atomic diffusion is slow
compared with dislocation glide velocities, so the ”solute environment” re-
mains fixed in space, and the dislocation tries to move out of it under the
influence of stresses. There will be reversible forces on the dislocation line
restoring it to its equilibrium with respect to the solutes.

Because point defects impede the initial motion of dislocations, they
strengthening the solid, raising the yield point. We will look at two types of
interaction: first, where the point defects are created in the crystal through
dislocation motion, second, where they are not.

10.5.1 Equilibrium point defect concentration

A finite concentration of point defects is always energetically favored at stan-
dard atmospheric conditions of constant pressure and temperature (P, T ).
Under these conditions, a crystal will spontaneously minimize its Gibbs free
energy

∆G = ∆H − T∆S ∆G ≤ 0 (10.64)

which includes a contribution from entropy, −T∆S, favoring increased
disorder through a finite point defect concentration. To take the specific
case of a number of vacancies Nv on a fixed number of atomic sites N ,
higher Nv allows a greater number of atomic configurations, raised from only
one possible atomic configuration for a perfect crystal. The configurational
entropy for N lattice sites, Nv defects, N −Nv sites without defects, is

Sconfig = kB ln
N !

Nv! (N −Nv) !
(10.65)

characteristic for a binary system. Using the lowest-order Stirling ap-
proximation

lnx! ' x lnx− x (10.66)

for very dilute numbers of impurities Nv � N , this becomes
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Sconfig = kBNv ln
N

Nv
(10.67)

and the additional configurational entropy associated with the addition
of a vacancy, increasing Nv by one, is

SV,c = kB ln
N

Nv
(10.68)

We can divide the entropy associated with the introduction of a vacancy
into two components, configurational and ’other’, SV = SV,c + SV,0. The
change in Gibbs free energy from the addition of the vacancy will then be,
at equilibrium,

∆G = 0 = QV − kBT ln
N

Nv,0
− kBTSV,0 (10.69)

where QV = ∆HV = U + P∆V is the enthalpy for the vacancy at con-
stant P and VV is its volume. For a vacancy, volume e.g. Vv ∼ πa3/(12

√
2)

in a FCC metal where a is the lattice parameter, the PVv product is roughly
5 µ eV, negligble compared with kBT , and we can take Qv ' Ev, the for-
mation energy. Finally

NV,0 = N exp
SV,0
kB

exp− EV
kBT

(10.70)

Equivalently, the fraction of sites occupied by a vacancy xV ≡ NV,0/N
is

xV = exp
SV,0
kB

exp− EV
kBT

(10.71)

This expression assumes that the defect can take only one configuration
in the crystal, which is the case for the vacancy. Equation 10.71 predicts
that there will be an equilibrium concentration of vacancies which increases
strongly with increasing temperature.

Measurement of the equilibrium vacancy concentration, and validation of
Eq 10.71, did not come until the early 1960s. Simmons and Balluffi[4] took
careful measurements on a heated Al single crystal, comparing the external
dimensions of the crystal (L, measured using a microscope) with the lattice
parameter a measured by x-ray diffraction, both in a heating vessel. In the
absence of vacancies, a(T ) is described by the thermal expansion, and the
external dimensions of the sample should increase by the same multiple as
a(T ). Instead, they found that a and L varied similarly with temperature for
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Figure 10.6: Simmons-Balluffi experiment, comparing thermal expansion
of the lattice parameter a with thermal expansion of the external sample
dimension L. The difference is attributed to vacancy formation at high T .
From [4]

low temperatures, but that the external dimensions started to increase much
more quickly than the lattice parameter (which increases due to thermal
expansion) for temperatures approaching the melting point.

The difference in dilation was attributed to vacancy formation with con-
stant volume per vacancy:

xv = 3

(
∆L

L
− ∆a

a

)
(10.72)

Based on the data in Figure 10.6, the authors extracted a vacancy energy
in Al of EV = 0.74 eV.

10.5.2 Chemical force of vacancies on dislocation climb

An edge dislocation with the configuration described previously (̂l = ẑ,
b = b x̂) will experience a climb force in +ŷ for tension, +σxx, and a
negative climb force in −ŷ for compression, −σxx.

The applied compressive or tensile stress either ”squeezes out” or ”sucks
in” the additional half-plane of atoms. Dislocation climb then does not
conserve the number of atoms. A line of atoms needs to be added along l
for negative climb; a line of atoms needs to be removed for positive climb.
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Equivalently, negative climb requires the removal of a line of lattice vacan-
cies, positive climb requires the addition of a line of lattice vacancies.

Vacancies break atomic bonds in the crystal, raise the energy of the
bonding environment, and carry an internal energy penalty for the crystal
Uv. If the boundaries of the sample are coated (in a thought experiment) so
that no vacancies can diffuse in or out, dislocation climb then involves an
energy penalty (energy reduction) for positive (negative) climb. To move
the dislocation line in positive climb then requires additional work done on
the crystal and additional stress σxx.

We can now consider the thermodynamics of vacancy formation through
dislocation motion. We add to the equilibrium expression for Gibbs free
energy for vacancy formation in Eq xx a term for the work done on the
dislocation, when it moves through a lattice parameter distance ∆y = a in
climb,

∆W = ∆U = fya (10.73)

In this motion, for a dislocation line length δl, there will be δl/a vacancies
created. The amount of mechanical work required to add a vacancy will then
be

U
′
v ∼

fya

δl/a
= a2

fyd
δl

(10.74)

Comparing the equilibrium expression without the added term, creating
an equilibrium number of vacancies Nv,0 in Eq 10.69, with the additional
term creating a nonequilibrium number of vacancies Nv,

0 = QV − PVV − kBT ln
N

Nv,0
− kBTSV,0 (10.75)

0 = U
′
v +QV − PVV − kBT ln

N

Nv
− kBTSV,0 (10.76)

and subtracting,

0 = U
′
v + kBT ln

Nv

Nv,0
(10.77)

fyd
δl

=
kBT

a2
ln

Nv

Nv,0
(10.78)

This is the ”chemical force” on the dislocation. When there is a greater-
than-equilibrium concentration of vacancies, the force pulls the dislocation
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upwards (positive climb) to annihilate them. When there is a lower-than-
equilibrium concentration of vacancies, the force pushes the dislocation
downwards (negative climb) to create them.

Expressed as a stress,

σ
′
xx ∼ (kBT/a

2b) lnNv/Nv,0 (10.79)

Putting representative numbers to Eq 10.79 (room temperature kBT '
25.86 meV, a ∼ b ∼ 0.36 nm), the effect of the chemical force is nonnegligi-
ble: a supersaturation of vacancies by a factor of two produces a climb force
equivalent to a compressive stress of 60 MPa.

10.5.3 Point-defect atmospheres: dislocation glide

Point-defect ”atmospheres,” concentrated near dislocation lines, have a strong
influence on the stress required for dislocation glide. We will assume that a
point defect has diffused to the dislocation line, near its lowest energy state
defined by its mismatch with the lattice, and evaluate the force required
for the dislocation to move away from it. Here we will consider carbon (C)
interstitials in Fe first, because their effects were identified in early studies
on ”mild” (low-carbon) steel[5].

Point-defect pinning of an edge dislocation

We can evaluate the interaction energy of a line of point-defects, parallel
to an edge dislocation line, by considering its effect on elastic strain. We
assume that there is a volume Vi associated with the defect. Introduction
of the defect perturbs the volume of the lattice by a small amount dV = Vi.
The elastic energy of the crystal can be expressed as

Uel = −PdV (10.80)

where compression (dV < 0) increases the energy of the crystal. The
dilation can be expressed in terms of the bulk compressibility β (inverse of
bulk modulus, β = 1/K) and hydrostatic pressure P as

∆ = βP → P = K∆ (10.81)

thus the elastic energy change from the defect can be expressed in terms
of the bulk modulus, dilation, and impurity volume

Uel = −K∆Vi (10.82)
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To evaluate the dilation near the edge dislocation, recall

∆ =
1− 2ν

E
σii (10.83)

in dummy suffix notation for the normal stresses. We have already writ-
ten expressions for the stresses around an edge dislocation, σrr = σθθ, σzz,

σrr = σθθ =
Gb

2π (1− ν)

sin θ

r
σzz =

Gbν

π (1− ν)

sin θ

r
(10.84)

so the dilation is

∆ =
1− 2ν

E
(ν + 1)

Gb

π (1− ν)

sin θ

r
(10.85)

Substituting in for G in terms of E,

∆ =
1− 2ν

E
(ν + 1)

E

2 (1 + ν)

b

π (1− ν)

sin θ

r
(10.86)

now the dilation is

∆ =
1

2π

(
1− 2ν

1− ν

)
b sin θ

r
(10.87)

The compressibility can be expressed in terms of the shear modulus as

K =
2G

3

(
1 + ν

1− 2ν

)
(10.88)

So the elastic energy can be expressed as

Uel = −Asin θ

r
A ≡ Vi

Gb

3π

(
1 + ν

1− ν

)
(10.89)

where A has units of (J ·m) and the (extensive) elastic energy Uel is in
units of energy, J . If the point defect increases the volume, Vi > 0, the
elastic energy of the crystal will be reduced (favored position) if it goes in
at y > 0, opposite the additional half-plane.
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Force required for glide The point-defect will be at some distance y0
normal to the glide plane. When a shear stress is applied to the crystal, the
dislocation starts to move in the glide plane, in the x̂ direction, so the y
coordinate does not change. The interaction energy of the dislocation and
point-defect will be

Uel(x) = −Ay0
r2

(10.90)

where r2 = x2 + y20, ∂r/∂x = x/r, and the force required to move the
dislocation with respect to the stationary defect is

F = −∂Uel(x)

∂x
= −A2 x y0

r4
(10.91)

The maximum force during glide can be evaluated:

∂F

∂xm
= −2Aρ

(
r−4 − 4x2mr

−6) = 0 (10.92)

r2 − 4x2m = 0 (10.93)

xm = ± 1√
3
y0 (10.94)

Fm =
3
√

3

8

A

y20
(10.95)

and substituting the interaction parameter A,

Fm =

√
3G b

8πy20

(
1 + ν

1− ν

)
Vi (10.96)

Yield stress In a tensile test, overcoming this force requires a large enough
uniaxial σ, with maximum resolved shear stress in a randomly oriented
polycrystal of σ/2. The force per unit length on the dislocation line is

Fd
δl

=
σyb

2
(10.97)

Cottrell assumed that the length of dislocation line with which the point-
defect interacts is on the order of the Burgers vector b, and that the C atoms
are spaced by this amount along a line parallel to the dislocation line. A
relatively small amount of C is sufficient to pin all dislocations in this way. A
relatively high density of dislocations is nd ∼ 1012cm−2. The planar atomic
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density in Fe is a−2, or na ∼ 1.2× 1015cm−2. This means that to have one
C atom pinning each atomic plane in the dislocation requires xC ∼ na/nd,
or xC < 0.001. gives an estimate for the yield strength of

σy =
3
√

3A

4y20b
2

(10.98)

σy =

√
3

4π

(
1 + ν

1− ν

)
Vi
y20 b

G (10.99)

active at T = 0. We can now make an estimate of this effect in Fe with
interstitial C. Taking the Burgers vector as b = 0.25 nm, the off-glide-plane

distance for the C interstitial of y0 = 0.7 nm, its volume as Vi = 7.8 Å
3
, one

estimates

σy,0 ' 1.2 GPa (10.100)

At finite temperatures, the yield stress is reduced because small sections
of the dislocation can be thermally activated past the maximum force point
at xm. σy drops by roughly a factor of 8 at 295 K (to ∼ 140 MPa.)

10.6 Dislocation velocities: strain rate effects

Experiments find that the dislocation velocity is a strongly nonlinear func-
tion of applied stress. The velocity can be expressed as

v = v0

(
τ

τ0

)m
(10.101)

where τ is the shear and m is much larger than 1. τ0 is the shear stress
required to reach the characteristic velocity v0, conventionally taken as 1
m/s. The exponent can be extracted from a log-log plot of velocity as a
function of applied shear. An example is shown for LiF in Figure 10.7, with
m ∼ 25. The power-law relationship in Equation 10.101 is an approximation
for velocities far below the shear-wave velocity, which is the speed limit for
dislocation motion.

The fact that dislocations reach a constant velocity under constant stress
suggests that some drag force opposes their motion. This is not very sur-
prising because atomic slip is an irreversible relative motion of atoms, which
involves larger-amplitude motions than those in Snoek damping, for exam-
ple, and is likely to lose elastic energy to heat. The damping apparently
increases as the velocity approaches the shear wave velocity.
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Figure 10.7: Dislocation velocities in LiF crystals. Left: saturation at high
velocity. Right: extraction of exponent m. Johnston et al, refs [6, 7]
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10.6.1 Strain rate

The strain rate can be expressed in terms of the dislocation velocity as

ε̇p = b nd(εp) v(τ) (10.102)

where b is the Burgers vector (scalar), nd(ε) is the dislocation density in
m−2, and v(τ) is the shear-dependent dislocation velocity. The dislocation
density increases proportionally with increasing plastic strain as

nd = αdεp (10.103)

where αd ∼ 109cm−2 in LiF. From Eq 10.101, the strain rate will be
strongly dependent on the applied stress:

ε̇p = b αd εp v0

(
τ

τ0

)m
(10.104)

10.6.2 Tensile test: yield drop

We can consider a tensile test of a specimen exhibiting this sort of shear-
dependent strain rate. The force exerted on the material over cross-sectional
area A will be

τ =
F

2A
(10.105)

and the plastic strain εp = yp/L0 can be related to the cross-head dis-
placement y, assuming that there is a plastic component in series with an
elastic stress F = kyel, which may include elasticity of the apparatus,

y = yp + yel (10.106)

y = L0εp +
F

k
(10.107)

where y = Sct is imposed by a constant cross-head displacement velocity
Sc. The plastic strain εp can be expressed

εp =
1

L0

(
y − 2Aτ

k

)
(10.108)

and the plastic strain rate

ε̇p =
Sc
L0

(
1− 2A

k

(
∂τ

∂y

))
(10.109)
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(a) Model (python) (b) Experiment

Figure 10.8: Numerical solutions of Eq 10.112 and experimental stress-strain
data on LiF from Ref [7], variable prestrain controlling dislocation density.)

Substituting εp and ε̇p in Eq 10.104,

Sc
L0

[
1− 2A

k

(
∂τ

∂y

)]
= b α

1

L0

(
y − 2A

k
τ

)
v0

(
τ

τ0

)m
(10.110)

(
∂τ

∂y

)
=
bα

Sc
v0

(
τ

τ0

)m(
τ − k

2A
y

)
+

k

2A
(10.111)

or defining B ≡ 2bα/Sc, C = K/2A, equivalently(
∂τ

∂y

)
= B v0

(
τ

τ0

)m
(τ − Cy) + C (10.112)

This is a differential equation for τ(y), or equivalently, stress σ vs. en-
gineering strain e. Given an initial condition for y = y0, which can be
expressed in terms of the initial number of dislocations nd

y0 = L0αd nd (10.113)

added before the material is loaded into the tensile tester, Eq 10.112 can
be integrated numerically and solved for τ(y).

Solutions for different initial dislocation densities, or prestrain, are shown
in Figure 10.8, with parameters chosen to match the experiment. For the
lowest amounts of prestrain and lowest initial number of dislocations, the
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yield drop is quite pronounced. As the sample is first loaded, the displace-
ment in y is proportional. This is the effect of the elastic term (constant C).
However, as the loading τ increases, the dislocation velocity starts to increase
very abruptly near the characteristic stress, here taken as τ0 = 5.3 MPa, the
stress at which the dislocation velocity reaches v0 = 1 cm/s. This is due to
the very large exponent m = 16.5. Plastic strain εp then increases rapidly
for stresses slightly in excess of τ0, and the elastic component of the stress
drops. For increasing prestrain, the yield drop becomes less pronounced.

In the experiment, for larger strains, there is always a positive slope for
τ(y). This is the effect of work hardening. We could take work hardening
into account in Eq 10.112 by adding a constant term θ = ∂τ/∂y, as will be
described in Section 11.3.1.
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Exercises

1. Draw edge dislocations and Burgers circuits in FCC, BCC, and HCP
material. (Show atomic arrangements near the core.) Use the sign
convention that you are sighting along l (directed into the page), the
Burgers circuit has a right-hand, clockwise sense, and the vector b
connects the finish to the start of the circuit (f → s.)

2. For two edge dislocations with parallel Burgers vectors b = bx̂, dislo-
cation line l̂ = ẑ, with initial coordinates (0,0) and (0.25,0.5), sketch
their motion for all time assuming that they move only under the
influence of their mutual stresses.

3. Prove that the stress σyy never exerts a force on a dislocation with
Burgers vector b = bx̂ regardless of the orientation of the dislocation
line.

4. Consider two parallel screw dislocations, each with Burgers vector b,
separated by a distance R. Calculate the total strain energy of these
dislocations. Show that the force between the dislocations found by
differentiating this experession is the same as that determined by the
Peach-Koheler formula.



Chapter 11

Strength of metals

11.1 Yield stress of perfect single crystals

11.1.1 Microscopic crystals

If metals were defect-free, without any dislocations, their yield stresses would
be quite high. The strength can be estimated by the amount of elastic stress
and strain required to make one full atomic plane slip with respect to the
plane below it. A cartoon of such a strained situation, at the instability
point, is shown below. Further shear will allow the third atomic layer to
settle into atomic sites displaced by a close-packed atomic distance, with a
total shear of γ ' 30◦. The shear γu at the instability point is roughly half
this value, γu ' 15◦ = 0.26 rad

The amount of shear stress required to reach γu is just τu = Gγu. We
can estimate τy ∼ G/4 in this way. However, as the middle planes of atoms
are moved with respect to each other, they require a smaller and smaller

Figure 11.1: Illustration of elastic instability in shear for perfect crystal.
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(a) Apparatus (b) Experimental data.

Figure 11.2: Microtensile experiments on 1-10 µ m diameter, 1 mm length
single-crystal whiskers, from [2]. The maximum yield stress reached for the
Fe whisker is σy = 12 GPa (1200 kg/mm2.)

shear force to move, since in a hard-sphere model their resolved interatomic
forces are less and less in-plane, until at the point pictured, that force is zero.
τy ∼ G/4 is an overestimate then, even in the crudest picture. Estimates
from bubble-raft experiments[1] found a lower bound of τy ∼ G/30, so the
range of prediction is 0.03G ≤ τy ≤ 0.25G.

This value is usually presented as a hypothetical in textbooks on plas-
ticity, but remarkably enough, the relevant experiment has been carried out
on single crystals. It became possible in the 1950s to make single-crystal
”whiskers” (now known as ”nanowires”) by reduction of their halides, e.g.,
FeCl. The whiskers happen to grow without dislocations, but they can only
be very small in length and diameter. Bulk single crystals, on the other
hand, always have some dislocations present.

The ingenious experiment by Brenner et al[2] measured yield stresses in
these tiny crystals by wax-mounting them to a solenoid actuated float tube
in a bath. Sample data for Fe and quartz are shown on the right. Several
features of the response of single-crystal Fe are worth noting

• Recoverable strains as large as ε = 0.05 could be sustained in the Fe
whisker.

• The elastic response is visibly anharmonic in Fe: the Young’s modulus
E is not constant with elongation
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• The maximum yield stress seen in the Fe whisker is 12 GPa, compared
with 5 MPa in a bulk crystal

Yield stresses for the whiskers were very high: τmax = 0.060 G for Fe,
τmax = 0.022 G for Cu, τmax = 0.031 G for Ag. These values were in
satisfactory agreement with the more realistic theoretical predictions.

11.1.2 Macroscopic crystals

The authors observed that the yield stress dropped rapidly as the whisker
diameter increased, but with a great deal of random variation from one
diameter to the next. This was attributed to the gradual, random intro-
duction of dislocations. In the case of macroscopic, high-purity, annealed
perfect single-crystal Cu, the yield stress is down all the way to < 30 MPa[3],
difficult to measure precisely, because the elastic component is not clearly
visible.

11.2 Relationships depending on dislocation den-
sity

Some of these relationships will be needed in the subsequent discussions.

11.2.1 Strain as a function of dislocation density

The macroscopic shear is proportional to the propagation of dislocations.
This is relatively simple to understand. We can consider plastic deformation
in a prism of dimensions Lx, Ly, Lz. In shear σxy of an edge dislocation with
b = bx̂, the motion ∆x of a dislocation by Lx displaces the top face with
respect to the bottom by the amount of the Burgers vector b. This gives us
an engineering strain γxy of b/Ly

γxy =
∆x

Lx

b

Ly
(single) (11.1)

for a single dislocation. The strain will be multiplied by the number of
dislocations Nd in this area, which travel a similar distance ∆x. In terms of
the dislocation density nd = Nd/(Lx Ly),

γxy = b nd ∆x (11.2)
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Strain rate The strain rate is obtained by taking a time derivative. In
terms of the dislocation velocity,

˙γxy = b nd vd (11.3)

Alternatively, in terms of the true shear strain,

ε̇xy =
b

2
nd vd (11.4)

11.2.2 Dislocation accumulation

During plastic deformation, are generated in the crystal and can become
stuck at pinning sites. Again considering that one dislocation is lost from
the crystal for a motion of the top surface area LxLz by a Burgers vector b,

∂Nd

∂γ
=

1
b
Ly

=
Ly
b

(11.5)

the areal density in LxLy changes by

∂nd
∂γ

=
Ly
b

1

LxLy
(11.6)

∂nd
∂γ

=
1

b Lx
(11.7)

If instead, generated dislocations become stuck at mean free paths of Λ,
rather than propagating to the edge of the crystal and disappearing, there
is a net gain of dislocations found by taking Lx → Λ:

∂nd
∂γ

=
1

b Λ
(11.8)

11.3 Strengthening mechanisms

We will take a look at several mechanisms which are used to strengthen met-
als. Work hardening, or cold work, will be described in Section 11.3.1. This
is an important mechanism in wire drawing and stamping metal compo-
nents, for example. Finite-size strengthening, or grain-boundary strength-
ening, has been understood through the Hall-Petch relationship, described
in Section 11.3.4. Polycrystalline metals can be strengthened by making
their grains smaller, for grain sizes below ∼ 5µm; this mechanism is also im-
portant in pearlitic steels, the highest strength engineering metals known.
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Solid solution strengthening, described in Section 11.3.2, is relevant in a
variety of metal alloys, particularly those used in jewelery, and is quite sim-
ilar in mechanism to the C interstitial in Fe pinning described in Section
10.5.3. Finally, in Section 11.3.3, we will look at precipitation hardening, or
second-phase strengthening, which has been critical for the development of
Al alloys in aerospace and sports equipment.

11.3.1 Work hardening

Crystals can be strengthened through plastic deformation alone. We have
referred to strain hardening, or work hardening, in our earlier discussion of
σ(ε) relationships in plasticity. Without the tendency of the yield stress
σy(ε) to increase with strain ε, metals would become immediately unstable
in tension. We saw that there was a relationship σ(ε) = Kεn, where K is
the strength coefficient and n is the strain-hardening exponent.

Understanding of work hardening was reviewed recently in ref [4]. This
review, like earlier reviews, starts with despairing statements about how the
problem is difficult and a general theory is remote.1 We will look at simple
models of work-hardening of single crystals, at low temperature and low
dislocation density, since this behavior seems to be best understood.

Taylor relation

The microscopic origin of work hardening, at least in relatively pure crystals,
is in the increase in dislocation density with increasing plastic strain. The
larger number of dislocations interfere with each other and move less easily.
Taylor[5] found a relationship between the flow stress and dislocation density
of

τ = α Gb
√
nd (11.9)

where G is the shear modulus, b the Burgers vector, and nd the areal
density of dislocations. α is a constant. This relation holds where the flow
stress is controlled by dislocation-dislocation interactions alone. Experi-
mental results on work hardening of Cu single-crystals through 1981 have
been collected in [6]. The Taylor relationship is obeyed quite well over sev-
eral decades of work hardening, with a maximum flow stress achieved of
τ ∼ 0.0025G ' 200 MPa.

1This from Cotrell: ”It is sometimes said that the turbulent flow of fluids is the most
difficult remaining problem in classical physics. Not so. Work hardening is worse.”
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Figure 11.3: Work hardening in single-crystal Cu: validation of Eq 11.9.
µ = G and ρ = 1/nd in our notation. From [4].

Strain hardening rate

Differentiating Eq 11.9 with respect to shear strain γ,

∂τ

∂γ
=

α Gb

2
√
nd

(
∂nd
∂γ

)
(11.10)

Next, defining the work hardening rate as the differential increase in flow
stress with shear strain,

θ ≡
(
∂τ

∂γ

)
(11.11)

and substituting both the dislocation generation mean free path from
Eq 11.8 and Eq 11.9 again,

τ θ =
(α Gb)2

2

(
1

b Λ

)
(11.12)

or substituting the Taylor relationship for τ ,

α Gb
√
nd θ =

(α Gb)2

2

(
1

b Λ

)
(11.13)

Now the mean free path for dislocation storage is taken to be approxi-
mately equal to the dislocation spacing,
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Figure 11.4: Work hardening in single-crystal Ag. The low-temperature
data are consistent with Eq 11.16. From [6]

Λ ∼ 1
√
nd

(11.14)

and

θ

G
=
α

2
(11.15)

where α is a constant. Empirically, the work-hardening rate is indeed
found to be constant for small amounts of work hardening and/or at low
temperatures, for FCC single crystals,

θ ' G

200
(11.16)

valid to within a factor of two[6].

Thermal effects As temperatures increase from zero, the work-hardening
rate θ becomes no longer constant as a function of work hardening. The
experimental plot in Figure 11.4 shows the quantity θ τ , proportional to τ
if θ is constant, as a function of flow stress τ . The deviation from the linear
relationship increases with increasing temperature. Clearly work hardening
becomes less effective as temperature increases. This behavior is attributed
to dynamic recovery: as more thermal energy is available, the dislocations
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become better able to rearrange themselves so that they can glide past each
other.
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11.3.2 Solid-solution strengthening

We can estimate the shear stress required to move a dislocation line pinned
by solutes with a mean spacing L in the glide plane. The estimate is credited
to Fleischer[3] as presented in [7]. Under an applied stress, the line segments
between the solutes will ”bow out” and develop a radius of curvature ρ. The
force per unit length on the line will be

f

dl
=
T

ρ
(11.17)

and substituting the Peach-Koehler force τb, the radius of curvature is
given as

ρ =
T

τb
(11.18)

where T is the line tension. Each time the dislocation line moves past an
obstacle, it will sweep out the area subtended by the line bowing out from
pinning points separated by L. For small-angle bowing, θ � 1, the area A
swept will be

A ' (θ L) L (11.19)

Subtituting θ = L/(2ρ), as shown in Figure 10.5,

A ' L3

2ρ
(11.20)

so

A ' L3 τ b

2 T
(11.21)

The dislocation is pinned essentially only by the solutes in its glide plane.
As we saw in Eq 10.95, the solute-edge dislocation force falls off as y−20 ,
where y0 is the distance from the solute to the glide plane. To estimate the
glide-plane area per pinning site Ap, we take a thin-layer volume Ap b, with
thickness of the Burgers vector, containing one solute atom (distributed with
a volume concentration c):

b Ap c = 1 (11.22)

Ap =
a3

b x
(11.23)
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,

where x is the fractional atomic content of the solute. For the dislocation
to move over large distances, past many obstacles, the criterion is that it
must not be recaptured immediately by another solute. This implies that
the area swept will be larger than the area per pinning site,

A ≥ Ap (11.24)

L3 τ b

2 T
≥ a3

b x
(11.25)

In equilibrium, the Peach-Koehler force on the dislocation, over line
segment L between solutes, will be equal to the force f0 exerted by each
solute on the dislocation,

τ b =
f0
L

(11.26)

which gives us an estimate of the length L in terms of the shear stress
and f0,

L3 =
f30

(τ b)3
(11.27)

This is substituted back in. Taking a ∼ b,

f30
(τ b)3

τ b

2 T
≥ b2

x
(11.28)

At the critical resolved shear stress τc, the areas are equal; solving for
τc,

τc =
f
3/2
0√

2T b2
x1/2 (11.29)

Substituting in for the line tension, T ∼ G b2,

τc =
f
3/2
0√

2G b3
x1/2 (11.30)

This gives the surprising result that the strengthening is proportional
to the square root of the solute concentration x, rather than the simply
proportional to x.

We have already estimated f0 for an impurity atom in in Eq 11.31:
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f0 =

√
3G b

8πy20

(
1 + ν

1− ν

)
Vi (11.31)

τc =

√
x√

2G b3

(√
3G b

8πy20

(
1 + ν

1− ν

)
Vi

)3/2

(11.32)

As before, we esitmate y0 ' 3b, ν ∼ 1/3,

τc =
G

Z
ε3/2
√
x (11.33)

where ε is the volume difference between the impurity atom and the host,

ε ≡ |Vi
b3
| Z ≡

√
2

(
36π√

3

)3/2

∼ 750 (11.34)

Example: 5% Au in Cu The lattice parameters differ as aAu = 0.4078 nm,
aCu = 0.361 nm, so ε =

(
0.40783 − 0.3613

)
/0.40783 = 0.44. The increase in

yield stress will be

∆τ ' G

750
0.443/2

√
0.05 ' 8.7× 10−5 G (11.35)

taking the shear modulus of copper as 48 GPa, we estimate a small
strengthening of ∆τ ' 4 MPa. The experimental value[8] is ∆τ = 53 MPa/

√
xAu,

or for
√

0.05 = 0.22, ∆τ = 12 MPa. This is reasonable agreement given the
many approximations made.

Improved estimate Fleischer took a few additional effects into account
in his estimate. The subtitutional impurity may have very different elastic
properties from the host; a parameter η,

η =
∂ lnG

∂x
=

1

G

(
∂G

∂x

)
(11.36)

was defined to quantify this effect. The change in lattice parameter was
defined as

δ =
∂ ln b

∂x
=

1

b

(
∂b

∂x

)
(11.37)

The full expression uses
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Figure 11.5: Solid solution strengthening in Cu alloys. The line is a fit to
Eq 11.33. Note the double-logarithmic scale, showing τ ∼ ε3/2; 1 ksi = 6.9
MPa. From [3]

η
′ ≡ η

1 + |η|/2
(11.38)

and ε becomes

ε = |η′ − α δ| (11.39)

where α = 3 for screw dislocations and α = 16 for edge dislocations.

Fleischer’s equation is as it was with the revised definition of ε and with
Z = 760. The agreement between the revised Eq 11.33, with the revised def-
initions, and experimental solid-solution strengthening of Cu single crystals
is remarkably good, as shown in Figure 11.5.

At higher concentrations, Labush showed

τc =
G

Z2
ε4/3x2/3 (11.40)

where Z2 = 550. Some experimental evidence for this form was presented
by Jax et al[8].
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11.3.3 Precipitation hardening

Small precipitates of a second phase can strengthen alloys to a greater extent
than impurity atoms in a random solid solution can. Precipitation harden-
ing is an important strengthening mechanism for Al-base alloys. For dilute
precipitates, the mechanism can be understood similarly to solid-solution
strengthening. When the precipitates occupy a larger volume fraction, the
energy of the dislocation as it cuts through the precipitate or bends around
the precipitate needs to be considered. Several mechanisms have been pro-
posed for the strengthening. In FCC metals, like Al, in which dislocations
separate into Shockley partials, one of the more successful approaches has
been to consider the difference in stacking-fault energy as the dislocation
cuts into the precipitate, or stacking-fault strengthening. The strengthening
effect is given by

∆τy = (γsfm − γsfp)3/2
√

3π2 f < r >

32T b2
(11.41)

where γsfm is the stacking fault energy of the dislocation in the matrix,
γsfp is the stacking fault energy in the particle, f is the volume fraction of
particles, < r > is the radius of the precipitate, T is the line tension of the
dislocation, and b is the Burgers vector. Data obeying this relationiship for
Al with ∼ 2% Ag are shown in Figure 11.6.

11.3.4 Finite-size strengthening (Hall-Petch)

Consider N dislocations gliding together on the slip plane, all under the
influence of an applied shear τ , in +x. Dislocation N−1, the most advanced
in x, or ”spearhead,” is pinned at x = 0. The trailing dislocations form
a pileup, technically here a stressed single pileup. The pinning exerts an
opposing force

− f0
δz

x̂ (11.42)

on dislocation 0, which keeps it in equilibrium from the elastic forces
from dislocations 0 to N − 2 and the external shear. If we take the whole
ensemble of dislocations as one free-body, the total forces acting on them are
zero, at equilibrium. The force acting on dislocation 0 then must balance
all the individual Peach-Koehler forces,

f0
δz

= N τ b (11.43)



184 CHAPTER 11. STRENGTH OF METALS

Figure 11.6: Precipitation hardening in Al-Ag, from Ardell.[9]

If no shear is applied, the dislocations spread out to infinite width in −x.
In order for the N dislocations to fit on the domain −l ≤ x ≤ 0, there must
be a large enough shear force pushing them to +̂x, and so compressing the
ensemble to a length l. We can then expect that the net dislocation density,

n =
N

l
(11.44)

is proportional to the applied shear τ b.

Equilibrium To express equilibrium for the dislocations, we have

fij =
q

xi − xj
q =

Gb2

2π (1− ν)
(11.45)

where fij is the repulsive force (per unit length) acting between two
same-sign dislocations i, j on the same slip plane. Writing the equilibrium
equation for each dislocation i,

0 =
∑
j 6=i

q

xi − xj
+ (1−Nδi0) τ b (11.46)



11.3. STRENGTHENING MECHANISMS 185

Figure 11.7: Calculated pileup profile behind pin at x = 0, for τ b = q,
N = 15 dislocations. The rightmost dislocations are too close together to
be resolved.

Dimensionless variables are convenient for numerical calculations; we can
cast the expression in reduced units X ≡ x/λ, where

λ =
q

τ b
(11.47)

is a characteristic length. Then we have instead

0 =
N∑
j 6=i

1

Xi −Xj
+ (1−Nδi,N−1) (11.48)

Here the δ term represents the pinning force acting on the rightmost
dislocation. It is possible to find the equilibrium positions for the N dislo-
cations by solving for the roots of the N equations in Eq 11.48. A calculated
single-sided stressed pileup for N = 15 dislocations, applied shear charac-
terized by λ = 1, is shown in Figure 11.7.

Dislocation density We would like a relationship between the total length
of the ensemble and the applied shear. The derivation in Eshelby’s first pa-
per[10] and in the textbook by Hirth and Lothe requires some advanced
mathematics, but the result is simple:

l = 2N
q

τ b
(11.49)

showing that the dislocation density is indeed proportional to the applied
stress. In reduced units,

X0 =
l

λ
= 2N (11.50)

Numerical validation of this expression is shown in Figure 11.8, looking
at the calculated equilibrium length X = l/λ of pileups of N dislocations.
At higher values of N , appropriate for the continuum approach, the lengths
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Figure 11.8: Total length l = λ X0 of dislocation ensemble, as a function of
number of dislocations N . Numerically calculated values are compared with
the continuum limit in Eq 11.50.

appear converge to the theoretical result, however, the numerical solution
becomes sensitive to initial guesses at high numbers of N .

Strengthening effect We assume that for slip to propagate from one
domain – grain, or planar region – to another, the force per unit length on
the spearhead dislocation must be greater than some value F0:

F0 < N τy b (11.51)

We are interested in the effect of size on the strength of the metal. The
dislocations are contained initially in a region of length l. This could be the
size of the grain, l = dg, or the width of lamellae, l = w. The N dislocations
have to fit in the length l. We have n = N/l = τb/2q

F0 <
N

l
l τy b (11.52)

2q F0 < l (τy b)
2 (11.53)

The product of the square of the yield stress and the grain size are
constant, giving a relationship



11.3. STRENGTHENING MECHANISMS 187

Figure 11.9: First observation of grain-size strengthening, by Hall, motivat-
ing Eq 11.54. From Ref [11]

σy = σ0y +
K√
dg

(11.54)

This is the Hall-Petch relationship. Hall first observed this effect of grain
size in mild (low-carbon) steels[11], as shown in Figure 11.9. The strength-
ening is substantial, roughly 210 MPa for dg = 10µm. The mechanism is
thought to be valid down to dg ∼ 1µm.
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Chapter 12

Fracture

12.1 Griffith critical crack length

A brittle material under tension can fail catastrophically due to the prop-
agation of a crack. The crack tip is a point where the externally applied
tension σ becomes concentrated, reaching much higher local stresses than
are seen in the bulk of the materal. As the crack becomes longer, the inten-
sity of the stress becomes larger, and more elastic energy would be released
when the material breaks. This tendency is inhibited by the creation of two
new surfaces in the crack, which have an associated surface energy. Since
the stress concentration goes up rapidly with crack length l, and the sur-
face area uncovered is simply proportional to l, there will be critical crack
length at which the incremental reduction in elastic energy outweights the
incremental increase in surface energy with increasing length dl. At this
point, the crack length becomes unstable, the crack grows rapidly, and the
material fractures.

12.1.1 Square beam

The simplest system in which to see the critical crack length appear is a
beam, under an applied tensile load per unit thickness at the edge, P/t,
which tends to split the beam. Each side edge of the crack is displaced by
an amount δ at the tip. A crack of length l grows in from the outside surface,
as pictured in the Figure.

It can be shown relatively easily from elastic beam theory that the load-
displacement (P − δ) relationship for the beam is

191
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Figure 12.1: Split beam under tension. From ref. [1]

P

t
=
Eh3

4l3
δ (12.1)

where h is the height of each leg and E is the Young’s modulus. The
elastic energy per thickness for the two beams ((P/t)δ/2 in each) will be

Uel
t

=
P

t
δ (12.2)

We will consider an experiment where the load P ∗ is constant and will
not change with length, so

Uel
t

=
4l3

Eh3

(
P ∗

t

)2

(12.3)

This is a positive strain energy for the beam. When the crack propagates,
the strain energy is released and the contribution to Uel is negative, δUel < 0,
for increasing crack length δl > 0. On the other hand, the surface energy
change is positive for increasing crack length,

Us
t

= 2γl (12.4)

where γS is the surface energy of the solid (J/m2.) Summing the two
contributions,

∂

∂l

(
−Uel

t
+
Us
t

)
(12.5)
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will be the net change in energy for a differential increase in crack length.
If the crack is short, little elastic energy (as l3) is released, the increase in
surface energy impedes its motion, and the crack would have a tendency to
shrink – but it cannot shrink because the surfaces do not fuse back together
except under high pressure and temperature. If the crack is long, however,
a lot of elastic energy is released, making the surface term insignificant, and
the crack will grow with increasing velocity until the sample breaks.

Setting the derivative equal to zero for the crossover between the stable
and unstable crack lengths, the critical crack length lc is

6l2c
Eh3

(
P ∗

t

)2

= γ (12.6)

finally,

lc =

√
Eγ

p2
h3

6
(12.7)

where E is the Young’s modulus, , h is the height of the beam (m), and
p is the constant loading force per unit thickness of the beam (N/m).

12.1.2 Elliptical crack

Griffith instead considered an elliptical crack with length l = 2c.[2], where
the minor axis width of the ellipse goes to zero. The mathematics are much
more complicated here but the basic elements (elastic energy and surface
energy) are the same. Here the critical value of c is

c =
EγS
σ2c

2

νπ
(12.8)

where ν is the Poisson ratio and σc is the critical stress, leading to frac-
ture, for a crack with length 2c. The expression has some similarities with
the beam analysis: it contains the ratio of the Young’s modulus - surface
energy product to the square of the applied load. Nevertheless, Griffith’s
equation depends on these terms with a different power law. Griffith’s ex-
pression can be recast as

σc
√
c =

√
2EγS
νπ

(12.9)
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where the right-hand side contains only material constants. This expres-
sion means that the yield stress will vary as c−1/2, the inverse of the square
root of the crack length.

Example Griffith evaluated the fracture of glass tubes onto which he
scribed cracks of various lengths. The bursting stress (under pressure) was
measured as a function of the crack length. What shouild be the bursting
stress for a 3.8 mm length crack (c = 1.9 mm.) For glass, take E = 62 GPa,
ν = 0.251, and γ = 0.54 J m−2, as reported by Griffiths. The rupture stress
σc evaluates to 6.7 MPa, in reasonable agreement with his observed 5.96
MPa.

12.2 Weibull distribution

For a glass specimen which contains many tiny cracks, with a statistical
distribution of crack lengths, what will be the fracture strength? The key
insight is that the fracture strength is determined by the weakest link. If
for an applied stress σ, any crack i, with length 2ci, is long enough that

σ > σc,i =
√

2Eγ/πνci (12.10)

the whole sample fails. Since we cannot know for sure what crack lengths
are inside the solid, we can only assign a statistical probability of crack
lengths, and therefore of failure, and then make sure that that probability
is effectively zero for critical components.

Weibull[3] treated the statistical problem in general terms1. If there
is some quantity xi (here σi) attributed to indivduals i (cracks), F (x) is
the probability of an individual i having xi less than x. This probability
distribution function is not defined in the conventional way, which is where
P (x) is the probability of any value xi falling between x and x+ δx.

Gaussian example for F(x) For a Gaussian distribution,

P (x) =

√
π

2
exp−(x− x0)

σ

2

(12.11)

the distribution will be peaked at x0 (the mean value) with the probability
of a member having xi = x0 ± σ (off by a standard deviation) falling off to
∼ 0.27 of the peak probability. As F (x) is defined,

1”A statistical distribution function of wide applicability,” W. Weibull, Journal of
Applied Mechanics 293 (1951)
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Figure 12.2: Comparison of F (x) and P (x). Standard deviation σ = 1, peak
location x0 = 2.

F (x) =

∫ x

−∞
dx P (x) (12.12)

Far above the peak value x0, F → 1; far below x0 F → 0. In Figure
12.2, F (x) is integrated numerically. The jump in F (x) from 0.1 to 0.9 (10%
of members i having xi < x to 90% of members i having xi < x) is over
the 2σ near the peak in the distribution. Columbia students are familiar
with the definition of F (x) in percentile scores on standardized tests, where
your score xi is surely such that F (xi)→ 1− δ. In the same way, we would
choose cracks such that F (σ)→ 1− δ for the strongest material.

We now define a function φ(x) as a different way to express F (x):

exp (−φ(x)) = 1− F (x) (12.13)

which is the probability of xi (θi) being higher than x (applied σ). This
is the probability of nonfailure of any link: elements (students) with high
percentile scores are not likely to fail.

The probability of nonfailure for n links is the product of all individual
probabilities: if each link fails 10% of the time, all of four links will not
fail only 0.94 = 65% of the time. If the chain fails with probability Pn, the
probability of nonfailure is 1− Pn, given by the product

1− Pn = (1− F (x))n (12.14)

Pn = 1− exp (−nφ(x)) (12.15)
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The only remaining step is to know what the expression for φ(x) is. We
can first remark that a reasonable guess would be

φ(x) =
x

xc
(12.16)

where xc is a constant, characteristic value of x. If x � xc, we ex-
pect F (x) → 1. The exponential argument is large and negative and the
exponential tends to zero. In our expression for Pn,

Pn = 1− exp

(
−n x

xc

)
(12.17)

for large numbers of links n, Pn goes very rapidly to zero for x > xc, and
very rapidly to one for x < xc. Weibull chose a more general distribution
function

φ(x) =

(
x− xu
x
1/m
0

)m
(12.18)

This distribution function improves on the initial guess x/xc by adding a
parameter. The new parameter xu is a nonzero value of x for which Pn = 0:
no individual has X lower than xu. The parameter x0 controls the width
of the distribution. The parameter m is more difficult to motivate. This
assumption for φ(x) has similar features to the first: 1) it is positive for all
x > xu, 2) it increases with x, but it is otherwise still completely ad-hoc.
Weibull remarks,

it is utterly hopeless to expect a theoretical basis for distribution
functions of random variables such as strength properties of ma-
terials or of machine parts or particle sizes, the ”particles” being
fly ash, Cyrtoidea, or even adult males born in the British isles

This gives the probability of any one of n individuals having a value xi
less than x as

Pn(x) = 1− exp

[
−n
(
x− xu
xc

)m]
(12.19)

or, in the case of fracture, the probability of any one of n links having
σi less the applied stress σ as

Pn(σ) = 1− exp

[
−n
(
σ − σu
σ0

)m]
(12.20)
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Defining a volume density of cracks ρc = n/V , where V is the volume
of the sample, and taking σu = 0 (so that there is a continuous probability
distribution of crack lengths to large sizes), the failure probability is

P f (σ) = 1− exp

[
− V
V0

(
σ

σ0

)m]
σu = 0 (12.21)

where V0 = 1/ρ is the characteristic volume occupied by a crack and
Veff is the volume of the sample.2 The characteristic strength σ0 is that for
which the failure probability is 1− 1/e ∼= 0.63. This is the two-parameter
Weibull distribution.

The failure probability can then be estimated in a loglog - log plot as

log

[
log

(
1

1− P f (σ)

)]
= m log

(
σ

σ0

)
+ log

Veff
V0

(12.22)

Plotting the experimental quantities of failure rate P f vs applied load σ
in this form helps to identify the Weibull modulus m. m is observed to be
on the order of 10-15[4].

The scaling of yield strengths σ with size Veff can be understood by tak-
ing a constant argument in the exponential. At the characteristic strength
σ with 63% failure probability, if we consider two samples with different
volumes V1, V2, their strengths σ1, σ2 will be related through the Weibull
modulus,

σ2 =

(
V1
V2

)1/m

σ1 (12.23)

The size dependence can be seen in the right hand graph of Figure 12.3.
While there is a size dependence of failure stress σ, the 1/m exponent means
that it is not very dramatic: a 10-fold increase in the sample volume reduces
the strength by a factor 0.11/m, or ∼ 15% for m = 15 as observed for SiC.
Increasing the volume by four orders of magnitude cuts the characteristic
stress σ0 in half.

2There is an additional constant factor in Veff/V , taken to be = 1 here.
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Figure 12.3: Left: Estimate of the Weibull modulus from loglog-log plot of
failure probability vs bending stress, SiC fibers. Estimate of σ0 = 844 MPa
is shown with the solid horizontal line. Estimate of modulus m is shown
with slope. Right: Scaling with volume: charactersistic stress σ0 vs volume
V . From [4].
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