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Fourier transforms, which determine the frequency content of functions, are widely used in en-
gineering and applied science. I will show how to compute Fourier transforms both of functions,
through integration, and of real data, using discrete Fourier transforms. The Fast Fourier Trans-
form (FFT) is a popular and efficient implementation of the DFT. We will apply the FFT to sound
samples from your guitars and determine the frequency played on an open string.

1 Fourier analysis

Fourier’s theorem states that an arbitrary periodic function in x, with wavelength λ,

f(x) = f(x+ λ) (1)

can be expanded as a sum of sinusoids in x:1

f(x) =
ao
2

+
∞∑
n=1

[
an cos (

2πnx

λ
) + bn sin(

2πnx

λ
)

]
(2)

using for the coefficients an and bn

an =
2

λ

∫ λ
2

−λ
2

f(x) cos (
2πnx

λ
) dx n = 0, 1, 2 . . . (3)

bn =
2

λ

∫ λ
2

−λ
2

f(x) sin (
2πnx

λ
) dx n = 1, 2, 3 . . . (4)

Stated another way, the Fourier series coefficients a2
n + b2n give an idea of the frequency compo-

sition, or spectral weight of the function f(x).
To take the simplest possible example, consider the Fourier transform of f(x) = cos (2πx

λ ). This
function obviously has spectral weight only at n = 1, spatial frequency k1 = 2π/λ. By applying
eqs. 3 and 4, we find a1 = 1 and all other an = bn = 0. Similarly, for f(x) = sin (4πx

λ ), with
wavenumber k2, we find b2 = 1 and all other an = bn = 0.

1This is true subject to two conditions: f(x) on the period λ is continuous except for a finite number of jump
discontinuities, and f(x) has a finite number of maxima and minima on λ.
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Example: step function To take an important example of a Fourier series representation, let’s
consider a step function defined at x = 0:

f(x) = 0 − λ

2
≤ x ≤ 0 (5)

f(x) = 1 0 < x ≤ λ

2
(6)

which has wavelength λ in x. The values of the coefficients can be solved directly using eqs. 3
and 4. I will write only the result:

a0 =
1

2
(7)

an = 0 n > 0 (8)

bn =
2

πn
n = 1, 3, 5 . . . (9)

so the Fourier series approximation is given as

f(x) ' 1

2
+
∞∑
n=1

2

πn
sin (

2πnx

λ
) (10)

One can see in Figure 1 that the series converges well for high orders of n.2 A particularly
revealing feature of the approximation is the fact that the rising edge slope at x = 0 is determined
by the highest order retained term in the series. This is a general feature: discontinuities retain
spectral weight to all orders.

2 Periodic samples: general considerations

Assume that we have a sample of an even number N datapoints

x = [x0, x1 . . . xN−1] (11)

which is periodic, repeating with the next coordinate not shown. Thus xN , the N +1th sample,
has xN = x0, is redundant, and not listed.

2The overshoot at x = 0, known as the ”Gibbs overshoot”, is well known and inevitable; this error is 7% at all
orders.
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Figure 1: Fourier series approximations of the step function. The highest order of 2
πn sin (2πnx

λ )
terms are indicated.

Spacing and sampling rate The samples must be evenly spaced in some coordinate. Usually,
that coordinate is either time t or space x. Let these implicit coordinates have a unit of a between
xi and xi+1, where a is usually a ∆t or ∆x. We call the sampling rate R = 1/a: we take R points
per unit length or time.3

Low-frequency limit The maximum period in units of the implicit coordinate a is N , so the
total length of the sample is L = N a. If the period were any longer, the sample could not
repeat at xN . A maximum period of N (implicit units of a) implies a minimum finite frequency
kmin = ∆k = 2π/N (units of a−1; recall the wavenumber k = 2π/λ, where λ is the wavelength.).
On the other hand, if values x are absolutely constant, they have a frequency of zero, k = 0. The
step between these two frequencies, and between all subsequent frequencies, determines that

the frequency resolution is ∆k = 2π/N

again in (implicit) units of a−1. In terms of the sampling rate R = a−1, the minimum frequency
is λ−1 = R/N , and

3As an aside, taking a uniform spacing in other coordinates is not often possible. Precise control over other
variables–say alloy content or chemical potential in a series of fabricated materials–is very difficult indeed. The
applicability of DFT’s is limited to systems in which the spacing a can be held constant.



The frequency resolution is the sampling rate divided by the number of samples.

Nyquist frequency The maximum frequency that can be seen in the sequence has opposite
values for successive samples, e.g. x = [−0.5, 0.5,−0.5, 0.5 . . .]. This frequency can be resolved only
for an even number of samples; for N odd, it is not periodic. This maximum frequency has a period
2 and is thus kmax = π, or

The maximum (Nyquist) frequency is kmax = (N/2)∆k

again in implicit units of a−1. In terms of the sample rate R = a−1, 2π/λ = π/a, so the
maximum frequency is λ−1 = 1/(2a).

The Nyquist frequency is half the sampling rate, R/2

Finally, for a series of N samples, we can write the set of possible frequencies in terms of an
integer index k

k∆k = k(R/N) k = 0, 1, ...N/2 (12)

so for N samples, there are only N/2+1 possible frequencies, including the zero frequency. Note
that this does not mean that an arbitrary, complex sequence of N points can be fully represented
by the N/2 + 1 discrete frequencies. For complex numbers, negative frequencies also have meaning,
completing the set to N frequency samples. However, for a purely real-valued sequence x, the
N/2 + 1 frequency samples are a complete representation.

3 The discrete Fourier transform (DFT)

The Discrete Fourier Transform (DFT) is a Fourier transform for N samples, evaluated through

yj =

N−1∑
k=0

xke
−ıjk∆k ∆k =

2π

N
(13)

where j is the index for the DFT result, k is an integer index for the frequency sum, ∆k is the
frequency resolution, and ı is

√
−1.
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Figure 2: DFT example for N = 4. Left: k = 1. Right: kmax = N/2 = 2 (Nyquist frequency).
Note that only the cosine function evaluates as nonzero at kmax.

Frequency range Remember that for a real-valued sequence x we need only the frequencies up
to the Nyquist frequency, 0 ≤ k ≤ N/2. The DFT formula goes instead up to k = 0, 1 . . . N − 1.
These can be considered negative frequencies, since

exp i
2π

N
(N/2 + k) = exp−i2π

N
k (14)

The series y thus orders frequency components according to increasing integer values of k, first
from 0 to N/2. There is then a break to the maximum negative frequency −N/2+1 at the midpoint,
counting up to −1, as

y : k = [0, 1, 2, . . . , N/2,−N/2 + 1, . . . ,−2,−1] (15)

However, if x is pure real, xi exp−ıq = xi exp iq for any q, and the negative and positive
frequency components are the same. Thus

yj = yj+N/2 x = x∗ (16)

There is a real FFT function, rfft, for real sequences x, which returns only N/2 + 1 values.

Intensities The DFT values y can have both real and complex parts. The ratio of real and
imaginary components determines the phase of the sinusoidal component, as shown in the next
section. To find the signal power at a given frequency, take

√
|yi|2 =

√
yi y∗i



Example: N = 4 Let’s see how some simple sinusoids transform. We have four samples, i =
[0, 1, 2, 3], and we will evaluate sinusoids with zero argument at i = 2, so centered at i = 2. We will
take the lowest-frequency mode for the set, ∆k,

x1,g
i = cos ∆k(i−N/2) = cosπ/2i x1,g = [1, 0,−1, 0] (17)

x1,u
i = sin ∆k(i−N/2) = − sinπ/2i x1,u = [0, 1, 0,−1] (18)

both of which clearly satisfy periodicity x0 = x4. Their DFT’s are

y1,g = [0, 2, 0, 2] (19)

y1,u = [0,−2ı, 0,−2ı] (20)

There is no offset from zero, so the sum of x is y0 = 0. Since we are considering the lowest-
frequency component, not the Nyquist, y2 = 0. Note that y1 = y3 in each case, as the waves are
pure real. We see that there is meaning in both the complex and real parts of yj : real parts give
the cosine terms (even in the window) and imaginary parts give the sine terms (odd).

For the highest frequency components,

x2,g
i = cos 2∆k(i−N/2) = cosπi xg = [1,−1, 1,−1] (21)

x2,u
i = sin 2∆k(i−N/2) = sinπi xu = [0, 0, 0, 0] (22)

where no part of the sine term can be picked up in the sampling–the sinusoid crosses zero at
the sample points. For the DFT of the cosine,

y2,g = [0, 0, 4, 0] (23)

successfully recovering the Nyquist frequency component at yN/2.

4 The fast Fourier transform (FFT)

It is clear from the formula for the DFT that there are N2 terms to the calculation. For each of N
elements of y, there are N terms in the sum over k. For large N , this ”O(N2)”scaling makes life
extremely difficult. Imagine that the calculation takes 10 s, but you would like to resolve frequencies
one order of magnitude lower, so your sample length N needs to go up by a factor of 10. This
means that the calculation will now require 1000 s.

The fast Fourier transform (FFT) is an implementation of the DFT which requires fewer oper-
ations. The FFT scales as O(N logN), significantly faster for large N. This scaling of the FFT is
so useful that it is used for general summation in high-performance scientific computing. There are
many computations–take the N -body problem in astronomy–where the ”far-field” needs to be cal-
culated in pairwise interactions between N entities, with a sum of forces from the N − 1 neighbors



on each particle. The brute-force calculation thus has N2 terms. It is possible to express this sum,
instead, in terms of the FFT: this is known as a ”spectral method” and is used often in applied
mathematics.

Note that for spectral methods of summation (like everything with the FFT) uniform samples
are required, so calculations require a uniform grid of interacting entities. Uniform meshing is
possible for computing e.g. the electric fields distributing charge density on a plate. If the entities
do not form a grid, on the other hand, spectral methods cannot be used. ”Multipole methods” like
the Barnes-Hut algorithm seen in EN1006 (with Prof. Cannon) also have O(N logN) scaling and
are more relevant for the N -body problem in astrophysics.
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